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Chapter 1

Elementary electrical circuit analysis

Solution of problem 1.1

The current flowing through the capacitor is given by:

_ B dv(t)
i(t) = C I

= 107%271000cos(2 7100t + 7/4) A
= 6.3 cos(27100¢+ w/4) mA

Figure 1.1 shows the waveforms for the voltage across and the current through the capacitor.

v(t) — Voltage i)

] ) (mA)
Current 10

—10

Figure 1.1: Waveforms for the voltage across and the current through the capacitor.



1. Elementary electrical circuit analysis

Solution of problem 1.2

The voltage across the terminals of the inductor is given by:

_di
v(it) = L o

= —3x1073275000 x 20 x 102 sin(275000¢) V
= —1.9sin(275000¢) V

Figure 1.2 shows the waveforms for the voltage across and the current through the inductor.

it
U(E\)Q — Voltage ((n>1 A)
9 - Curggnt

Figure 1.2: Waveforms for the voltage across and the current through the inductor.
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1. Elementary electrical circuit analysis 5

Solution of problem 1.3

The calculations of the voltages across and the currents through each circuit elements are effected
applying the Nodal analysis. This method can be outlined as follows:

1. First, we indicate the voltages at each node. These voltages indicate the potential difference
between the node being considered and a reference node which can be chosen arbitrarily. This
node is traditionally called ‘node zero’ (0) or the ‘ground terminal’ and is often chosen as the
node with the highest number of attached electrical elements. This is illustrated in figure 1.3 a)

Ip,
Ry
Vi AAA A Vg Vi B Vi
+ + —+ +
1 ! \ !
\ I \ /
\ i \ /

\ / \ /
\\\(V,l) //(VB’) \\ //
AN B s N s
B 0 0

a) b)
]Rl VA_VB

Figure 1.3: Application of the Nodal analysis method. a) Indication of the voltage is the nodes A
and B b) Indication of the current I, ¢) Ir, = (V4 — Vi)/R. d) Adding vectors.

2. Then, we consider, in an arbitrary manner, the current direction in each branch, as indicated
in figure 1.3 b).

3. The current that flows through each resistance can be expressed, according to Ohm’s law, as
the ratio of the voltage across that resistance and the resistance value;

Va—Vp
I = — 1.1
Ry R, ( )

Note that the similarity between the way we express the voltage across the resistance, as
V4 — Vg, and the calculation of the sum (or subtraction) of vectors shown in figure 1.3 d).

4. Finally, we apply the current voltage law to each node?!

We apply now the Nodal analysis method to solve the circuits of the problem 1.3 where the voltages
at each node and the directions of the currents have been chosen as indicated in figure 1.4.

1Asits name suggests the Nodal analysis method is based on the application of the current voltage law to each node of
the circuit. However, the calculation of some circuits may require the application of the voltage law.

Introduction to linear circuit analysis and modelling Moura and Darwazeh



1. Elementary electrical circuit analysis 6

Figure 1.4: Circuits of problem 1.3.
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1. Elementary electrical circuit analysis 7

e Circuit a): Applying the current law we can write:

Ip, = L +D
= 07A

The voltage across Ry is V4 which is obtained applying Ohm’s law:
Va = Ir I
= 70V
o Circuit b): For this circuit we can write the following set of egns:
IR, = IR,
Va-Ve=W (12

Ve =Vs
which can be rewritten as follows:

Ve =V _ Vo
R TR

Va-Vo=Wi (1.3)

Ve =Va
Solving this set of eqns in order to obtain V4, Vz and Vo we can write:

Ve — RoVo+ R V4
A R+ R>
= 263V
Ve = W,
= 3V
Vo—VW1
Vo = Ro——
“ *Ri + Ry
= 0.63V
The current Iz, isequal to Iz, = 3.7 mA.

e Circuit c): For this circuit we can write

Vi=W; (1.4)

that is,

(1.5)

Solving to obtain V5 we get

Ve = Vi3
B "Ry + Rs
= 11V

The voltage across R is V4 — Vg = 0.9 V. The currents through the resistances are:

IRl = 4 mA
IR2 = IR3:75 mA

Introduction to linear circuit analysis and modelling Moura and Darwazeh



1. Elementary electrical circuit analysis 8

e Circuit d): For this circuit we write the following set of egns:

IRl +IR2+IR3 =0

Ir, = IR,
Vi — Vi = Vi (1.6)
Ve —Vo =V
This set of egns can be written as:
Va Vg Vp _
B PR, TR, 7Y
Ve=Vp _Vp
Ra R (L7)
Ve—-Va=W
Ve —Vo =V

Solving to obtain V4, Vg, Vo and Vp we get:

RVo — V1 (RQ + R3 + R4)
"Ry(R1 + Rs + Ry) + Ri(Rs + Ry)
= —-29.3 mV

RiVo + Vi(Rs + Ra)

Ro(R1 + R34+ R4) + R1(R3 + R4)

= 197V
Ve = VlRQ(Rg + R4) — VQ(RQRg + RoRy + R1 + R + R1R4)
Ro(R1Rs + Ry) + R1(R3 + Ry)

Va = R

VB = Ry

= -1.03V

(R1 + R2)Va — RoVy
RQ(Rl + R3 + R4) + Ry (Rg + R4)
= —046 V

Vb = —Rs

o Circuit e): For this circuit we write

Ir, = Ir, + IR,
Ir, = Ig, (1.8)
Va=W
or
Vo _Vi—Vo  Vp—Vc
R, R R3

(1.9)
Vi—-Ve _ V-V
R - R3

Solving to obtain V and V¢:

R{Rs3 + R4(R1 + Rs + Rg)
Ri(Rs + R3 + R4) + Ra(R2 + R3)
= 18V

Ve = W

Ve = W

R4(R1 + Rz + R3)
Ri(R2+ Rs + Ry) + Ra(R2 + R3)
= 133V

e Circuit f): For this circuit we write the following set of egns:

I =1Ig, + IR,
I = In, + In, (1.10)
Vi=Va-Ve

Introduction to linear circuit analysis and modelling Moura and Darwazeh



1. Elementary electrical circuit analysis 9
that is Ve v Ve v
—_ VB — VA B — VC
Il - Rl + Rg
_Va Vo 1.11
Il = RQ + R4 ( )
Vi=Va—-Vo

Solving to obtain V4, Vi and V¢ we get

Vi+ Rylq

Vi = Ryl

4 "Ry + Ry
= 875V

RaR3 — Ri Ry R R

RoRy

Vg =

— 1446 V

Roly — V3
Ve = R, 21771
© R
— 675V

"Ry + Ry)(Ri+ Rs) ' ' | R1+ Rs

Ry + Ry
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1. Elementary electrical circuit analysis 10

Solution of problem 1.4

We consider N resistances connected in series and driven by a DC voltage source V' as shown in
figure 1.5. For this circuit we can write:

I Ry Ry Ry

Figure 1.5: N resistances connected in series.

V. = Vg, +Vgr, +...+ Vg,
= I(R1+R2+...+RN)
= IR

that is
Req = Ri+Rs+...+Rn

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.5

We consider N resistances connected in parallel and driven by a DC voltage source V' as shown in
figure 1.6. For this circuit we can write:

Figure 1.6: N resistances connected in parallel.

I = Ig, +Ip,+...+1py,
= V(G1+G2++GN)
— V.,
that is
Geq = Gi+Go+...+Gn

Introduction to linear circuit analysis and modelling Moura and Darwazeh



1. Elementary electrical circuit analysis 12

Solution of problem 1.6

o Circuit a): The equivalent resistance between points A and B is given by the parallel combi-
nation of the three resistance, that is:

Req = (Ra|Ro)|| B3

Let R, » be the resistance resulting from the parallel combination of R, and Ra;

R\ Ry
R = =
1,2 R+ Ro

= 2220

R4 can be calculated as follows:

Ry 2R3
Ry = ———
? Ri2+ R3

= 162 Q

The equivalent conductance is Geq = R;} =61.7mS.

o Circuit b): Since the three resistances are connected in series we can write

Ry = Ri+Ro+Rs
210 Q

The equivalent conductance is Geq = R;Il =4.8mS

e Circuit ¢): The resistance R; is connected in series with Ra;

Rip = Ri+ R
= 400 Q

R, 2 is connected in parallel with R3:

R _ _RioRs
1,2,3 7]%112 T Rs
= 1143 Q
R 2,3 is connected in series with Ry, that is
Reg = Ripsz+ Ry
384.3 Q

The equivalent conductance is Geq = R;Il = 2.6 mS.

e Circuit d): The resistance R; is connected in series with R, and R3 is connected in series with

Ry;
Rip = Ri+ R
= 150 Q
R314 = R3+ Ry
150 Q

The equivalent resistance results from the parallel combination of R » with R5 and with R3 4

Req = Ri2||Rs||Rs4
429 Q

The equivalent conductance is G4 = R;} =23.3mS.

Introduction to linear circuit analysis and modelling Moura and Darwazeh



1. Elementary electrical circuit analysis 13

-

Ip,

Figure 1.7: Circuit of problem 2 e).

e Circuit ) For this circuit we cannot identify any combination of resistances which share the
same voltage across their terminals or share the same current. This means that there are no
parallel nor series connections. In order to determine the equivalent resistance we have to
apply a test voltage source V; to the circuit between points A and B as shown in figure 1.7.
This source supplies a current I, to the circuit. By evaluating V; /I, we calculate the equivalent
resistance:

Rey = 14 (1.12)
I
We apply the Nodal analysis method to evaluate V;/I;. For the circuit of figure 1.7 we can
write
Iy = IR, + IR,
Iy = Ir, + IR,
IR, = Ig, + IR,
Vx =V;

(1.13)

that is,

_Vi-W Vi-Vz
I = R + Ry

WV
L=+ 4 (1.14)

Vi Vy _ VW Vy —Vz
R R Ro

Solving in order to obtain V; we obtain:

R5R3(R1 + Ry + R4) + R1R4(R2 + R3 + R5) + Ro (R4R5 + Rle)

V=1
! ! Ry(R1+ R34+ Ry + Rs) + (Rs + Rs)(R1 + Ra)

If we divide both terms of last eqn by I; we obtain the desired equivalent resistance;

Vi RsR3(R1 + Ro + R4) + R1R4(R2 + R3 + Rs) + Ra(R4Rs + R1R3)
I; Ro(Ry + Rs+ Ry + Rs) + (Rs + Rs)(R1 + Ry)
= 8350

The equivalent conductance is Geq = R;Il =12.0mS.

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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14

Solution of problem 1.7

We consider N capacitances connected in series and driven by a voltage source v(t) as shown in

figure 1.8. For this circuit we can write:

i(t) [ C

Il

vey (t)
v(t)

-+
vey(t)

Figure 1.8: IV capacitances connected in series.

v(t)

I
= Con /0 i(t)dt
that is
1 1 1 1
Con = a + FQ +...+ C_N

Introduction to linear circuit analysis and modelling
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1. Elementary electrical circuit analysis 15

Solution of problem 1.8

We consider IV capacitances connected in parallel and driven by a voltage source v(t) as shown in
figure 1.9. For this circuit we can write:

that is

(1)

i(t
r ,,,,,,,,,

” lm,(t) li<72(t) li(,\ ")

(j 1 CQ

Figure 1.9: N capacitances connected in parallel.

it) = dc,(t)+ic,(t)+ ... +icy(t)
= (Cl+02+...+CN)d2§t)
dv(t)

dt

= Cu

Ceq = C1+Ce+...+Cqx

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.9

e Circuit a): All capacitors are connected in series:

1 1 1 1
Cw O G G
Solving, we obtain:
C., = 0.67 uF
e Circuit b): Now, all capacitors are connected in parallel:
Ceqg = C1+C2+Cs

= 11 uF

e Circuit c): C is connected in parallel with Cs. The capacitance resulting from this combina-

tion is connected in series with Cs;

Ceqg =
= 3 uF

(Ch + C3)Cs
(ChL+C2)+C5

Introduction to linear circuit analysis and modelling
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1. Elementary electrical circuit analysis 17

Solution of problem 1.10

We consider N inductances connected in series and driven by a voltage source v(¢) as shown in
figure 1.10. For this circuit we can write:

Figure 1.10: N inductances connected in series.

v(t) = v, (t)+vr,(t)+ ... +opy(t)
= (L1+L2+...+LN)d;—Ef)
di(t)
“Cdt

that is

Ly = Li+Lo+...+Ly

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.11

We consider N inductances connected in parallel and driven by a voltage source v(t) as shown in

figure 1.11. For this circuit we can write:

Figure 1.11: N inductances connected in parallel.

i) = ip,(t) +ir,(t) +... +iry(t)

that is

Introduction to linear circuit analysis and modelling
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1. Elementary electrical circuit analysis 19

Solution of problem 1.12

e Circuit a): The inductance Lo is connected in series with L3 and Ls is connected in parallel
with Lg. Hence, we can write:

L213 = Lo+ L3
= 11 mH
Ls Lg
Lsg = 576
o0 Ls + Lg
= 5.74 mH

The circuit of figure 1.12 a) can be simplified as shown in figure 1.12 b). From the circuit of

L Ly Ly
- T TN TN
A 1 mH 7 mH L, 4 mH L
SRS § '] \S_—e s 08
6 mH 11 mH Lg
) 12 mH B
a)
L Los
- Y- -
A L, Ly B
b)
L Lys
e s o 2 VDU, § o 3 W
A Lyss B
g ' ) WD SR
c)
Ly Losas6
e s 5 o
A

d)
Figure 1.12: Circuits of problem 1.12 a)

figure 1.12 b) we can observe that L, is connected in series with Ls g;

Lyss = Li+Lsg
11.74 mH

From figure 1.12 c) we see that L4 5 ¢ is connected in parallel with L, 3;

Lys6Llo3
Lyse+ Lags
= 5.68 mH

Lozase =

From figure 1.12 d) we see that the equivalent inductance is given by the series combination
of L4 with L2,374,5’6, that is:

Leg = Li+Laszase
6.68 mH

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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e Circuitb): Lo is connected in parallel with L. The resulting inductance is connected in series
with L, and Ly;

LoLs
Le, = Li4-253
a L Lo+ L3

= 25.26 mH

+ Ly

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.13

e Circuit a): Using the expression for the resistive current divider we can obtain the current
through R, as follows:

R1||R2
R, + (R1||R2)
= 234 mA

I, = 0.1

and the voltage across R, is 1.4 \olt.

e Circuit b): Using the expression for the resistive voltage divider we can obtain the voltage
across R, as follows:
R,
Vo = 3———7—~———
R, + R1+ Ro
= 04V

and the current through R, is 10 mA.

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.14

We use the Nodal Analysis method to analyse the circuits of figure 1.13.

e Circuit a): For this circuit we observe that the voltage across R is the voltage supplied by V5,
that is, 5 V. Hence we have:

v,
Ry
73.5 mA

IR,

Note that the current that flows through the short-circuit is I, = Iz, + I, = 273.5 mA.

e Circuit b): For the circuit of figure 1.13 b) we can write the following set of eqgns:

Is = IRp, + IR, + IR,

IS:IR2+IR4+IR5 (1.15)
Ip, = IR,
that is VeV Ve v
_Va—-Vp A—Vc  Va
L=+ Ry | T
_ Vg Vo [ Va
L=+ + 7 (1.16)
Va—-Vp _ VB
Ry T R
Solving in order to obtain V4, Vi and Vo we get:
v _ 7 R5(R3 + R4)(R2 + Rl)
4 *Rs(R1 + Rz + R3 + Ra) + (Ra + R3)(R1 + R2)
= 30V
- R5Ry(R3 + Ry)
Vg = I
Rs(Ry + Ra + R3 + Ry) + (R4 + R3)(Ry + Ra)
= 14V
_ R5R4(R2 + Rl)
Ve = I
R5(R1 + Ry + R3 + R4) + (R4 + Rg)(R1 + Rg)
= 18V
Vg, isequalto (V4 — V) =16 V and Ir, = 200 mA.
e Circuit c): For this circuit we can write:
Ve—Vp=V;s
I3+ L+1+1Is =1
L+ =1 (1.17)
Is =1, + Ig
that is
Ve —=Vp =V,
Vo Vo Ve Vi _
R3+R2+R4+R67]5
(1.18)
Ve —Va 7 _Va—Vp
Ry s Rs
V-V _ Vg Va
Rs Ry " Rg

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Vb

Ip,
c)

Figure 1.13: Circuits of problem 1.14.
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Since R4 is connected in parallel with R the last set of eqns can be written as

Ve—-Vp =V,
Vp Ve, VB _
I3 TR T Rye Ls
(1.19)

Ve —Va 7 _Va—Vp

R s Rs
Va=Vp _ VB

Rs Ry

where Ry ¢ = Ra4||Rs = 21.7 2. Solving in order to obtain Vy4, Vg, Ve and Vpp we get

Va

Vi

Ve

Vb

Ry(Ry6+ Rs5)[Is(R3R1 + RoRy + R3Ra) + Ra V]
(R3R4 + R2R4)(R416 + Rs + R1) + RBRQ(R:LS + R4)
6.95 V
RyR46[Is(R3R1 + RoRy + R3sR2) + R V5]

(R3R4 + R2R4)(R416 + Rs + R1) + RBRQ(R:LS + R4)

2.71 V

Ro[VsRy(Ry6 + Rs + Ry) + [, R3(RyRy + RyRs — R1Ryp)]

(R3R4 + R2R4)(R476 + Rs + Rl) + R3R2(R4,6 + R4)

7.33 V

R3IsRy[Ry(Ry6 + R5) — RiRyg)

(RsR4 + RoR4)(Ry6 + Rs + R1) + RsRa(Ra + Ra)
R3Vs[R4(Ra6 + Rs + R1) + Ra(Ra6 + Ra))
(R3R4 + R2R4)(R416 + Rs + R1) + RBRQ(R:LS + R4)

—2.67 V

Vg, isequalto Vo — V4 =0.37Vand Ir, = 24.8 mA.

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.15
Thévenin equivalent circuits between points A and B (see figure 1.14).

RT/L

W=,

D

Figure 1.14: Thévenin equivalent circuit between points A and B.

B

e Circuit b): The Thévenin voltage, Vi, is the voltage between points A and B obtained in the
previous problem:

Vrn = Va
= 30V
The Thévenin resistance, Ry, is determined by calculating the equivalent resistance between

the points A and B (after substituting the current source by an open-circuit). Figure 1.15
shows the equivalent circuit for the calculation of Rrj,. From this figure we can write:

Figure 1.15: Equivalent circuit for the calculation of Ry,.

Rrn = (Ri+ Rg)||(R3+ R4)||Rs
429 Q

e Circuit ¢): The Thévenin voltage, Vry, is the voltage between points A and B obtained in the
previous problem:

Ve = Va—-Vg
= 424V

The Thévenin resistance, R, is determined by calculating the equivalent resistance between
the points A and B (after substituting the current source by an open-circuit and the voltage
source by a short-circuit). Figure 1.16 shows the equivalent circuit for the calculation of Rry,.
From this figure we can write:

Rrn = Rsl||[(R2]|R3) + (R4||Rs) + R
= 194 Q

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Figure 1.16: Equivalent circuit for the calculation of Ry,.

Solution of problem 1.16

Norton equivalent circuits between points A and B (see figure 1.17).

Figure 1.17: Norton equivalent circuit.

e Circuit b): The Norton current can be determined as follows:

Vrn
Ry,
= 699.3 mA

Ine =

and the Norton resistance is equal to Ry; = Rpp, = 42.9 Q.
e Circuit ¢): The Norton current can be determined as follows:

Vrn
Ry,
= 219.1 mA

Iny =

and Ryt = Ry, = 19.4 Q.

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.17
We use the Nodal analysis method to solve the circuits of figure 1.18.

e Circuit a): For this circuit we can write the following set of equations:
Is+I+1g,=0

In, = A; T
(1.20)

I, =

3
that is

I+ 1+ Y2 Ve — g

(1.21)

Ve _ 4
e =—Al

Solving in order to obtain V4, V and Vo we get:

les
1+ 4,
= 1.73V
I (R1 — A; Rp)
vy = —s\uZAilb)
B 1+ A,
= —-865V
I, A; Rs
Ve = 1+ A4,
= 16.15 V

Va =

The voltage across Rs is V. Thus, Ir, = 230.7 mA.

o Circuit b): We observe that V' = V. Hence we can write:

Vo _
Tty = G,V
(1.22)
_ Ry
V=Vm+m
that is,

Ry

Ve = R3G,,Vi—————
© 3 Ry + Ry

= 321V
The voltage across Rs is V. Thus, I, = 321 mA.

e Circuit c): For this circuit we can write
Ir, = Ip, + IR,
Vg —Veo=A4,Vp (1.23)

Ig, = IR, + IR,

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Figure 1.18: Circuits of problem 1.17.

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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that is
Vi-Vp _Vp VD
R, T Ry ' Ry
Vg — Vo = A, VB (1.24)

Vs Vg _ Vg Vo —Vp
R, R R3

Solving to obtain Vi, Viz and Vp we have:

VsRa(R3 + Ry)

VB = Rs3(R2+ R1) + R1R2(1 — Ay) + Ry(R1 + Rs)
= —-0.56 V
v ~ViRs(Rs + Ra)(A, — 1)
R3(Ra + R1) + RiR2(1 — Ay) + Ry(R1 + Ro)
= 508V
“RyV,Ro(A, — 1)
Vp =

R3(R2 + R1) + R1R2(1 — Ay) + Ry(R1 + Rs)
= 432V

The voltage across Rs is (Vo — Vp) = 0.76 Vand Ig, = 76 mA.

e Circuit d): For this circuit we write:

Vi — Vo = Rp B
Vp = -V
(1.25)
Va + Ve-Vp _ -VB
R

1 3 2
Va
R =1

Solving to obtain V4, Vg, Vo and Vp we get:

Vi = —LR
= -234V
RQ(ISR?; - V;)
Vg = BT
R2 + Rm + R3
= 46V
(IsRs — V5)(R2 + Ry)
Ve =
R2 + Rm + R3
= 148 V
V.
= —-10V

Vb

The voltage across Rs is Vo — Vp = —4.8 Vand I, = —66.7 mA.

Introduction to linear circuit analysis and modelling Moura and Darwazeh
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Solution of problem 1.18

We apply the Superposition theorem to the circuits of figure 1.19 to find the current flowing through

Ry (Ig,)-

Figure 1.19: Circuits of problem 1.18.

1. Circuit a)

V1 Figure 1.20 shows the equivalent circuit for the calculation of the contribution from
Vi1 to the current Ir,. The current source I, has been replaced by an open-circuit and
the voltage source Vo has been replaced by a short-circuit. From this circuit we can
write:

Vi1
R+ Ry
= 40.5 mA

In, =

1. Figure 1.21 shows the equivalent circuit for the calculation of the contribution from
I, to the current I,. Both voltage sources were replaced by short-circuits. From this
figure we observe that R; and R, form a resistive current divider. Hence we have:

In, = ijs
Ri+ R»

64.9 mA

Via: Figure 1.22 shows the equivalent circuit for the calculation of the contribution from
V2 to the current Ir,. The current source I, was replaced by an open-circuit and the
voltage source V,; was replaced by a short-circuit. We observe that there is no closed
electrical path between Rs and V2. Hence the contribution from Vi, to the current I, is
zero.The current that flows through R, (sum of all contributions) is Iz, = 40.5+64.9 =

105.4 mA.

2. Circuit b)

1. Figure 1.23 shows the equivalent circuit for the calculation of the contribution from
Vs to the current I,. The current source I, was replaced by an open-circuit. For this
circuit we can write:

Ip, =1Ig,

Ip, + G,V =1Ip,
Ip, = IR,
V=Vec—-Vp

(1.26)
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Figure 1.20: Equivalent circuit for the calculation of the contribution from V; to the current I, .

R,

Figure 1.21: Equivalent circuit for the calculation of the contribution from I to the current I, .

that is
Vi—Vp _ V—-Vc
R Ro
Vit Ve & G v - vp) = Vog: Vi wan

Ve-Vp _Vp
Ry T Rs

Solving, we obtain:
Rs 4+ Ry — GpuRoRy + Ry

Ve = -V,
B GmRoRi — Ry — Rs — Ry + RiGm Ry — Ry
= 179V
Rs + Ry
Vo = -V, 1.28
¢ GmRoRy — Ry — Rs — Ry + RiGp Ry — Ry (1.28)
= —-0.08 V
Rs
Vb = =V
b GmRoRy — Ry — Rs — Ry + RiGp Ry — Ry
= —-0.03V
and
Ve — Vo
I = ——
Ro RQ
= 20.8 mA

o I,: Figure 1.24 shows the equivalent circuit for the calculation of the contribution from
I; to the current Ir,. The voltage source V; was replaced by a short-circuit. For this
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Figure 1.23: Equivalent circuit for the calculation of the contribution from V; to the current I, .

circuit we write:
Iy =Ig,
Is=1Ig, + IR,
Ig, + G,V = Ig, (1.29)
V=Vc—-Vp)
Ir, = Ip, + Is

that is

I. = Va=Vgp

s Rg

=Yooy Yale

(1.30)
Ve — Vi Ve =V,
TBLC 4 G(Ve = Vi) = Y P

Ve—Vp _ Vb
R, R, T

Solving in order to obtain V4, Vg, Ve and Vp we get:

Vi — T (GmRy —1)(RsR2 + R3R1 + R1R»)
A 7 G RaRis — Ry — Rs — Ry + RiGmRa — Ry
R3(Rs + R4) + R1R4(1 + G Rs)

1
GmRoRy — Ry — Rs — Ry + RiGpRy — Ry
1.3V
RsG. R Ry — G, RoR R
Vs = —LR, 5 4+ PRy oy + Ho

GmRoRy — Ry — Rs — Ry + RiGyu Ry — Ry
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Figure 1.24: Equivalent circuit for the calculation of the contribution from I, to I, .

- 03V
v _ g —PaRs+ RaRsGrRat RsGrRaRy + RaF
¢ = TG RoRi—Rs—Rs — Ry + RiGmRs— R,
— 596V
“Ry+ GmRoRy + RiGRs — R
Vp = LRs o + olty + It 4 4

GmnRoRy— Ry — Rs — Ry + RiGp,Ry — Ry
= 581V

and the current flowing through Ry is:
L Ye-Ve

2 RQ
= 69.6 mA

The total current (the sum of all the contributions) is 90.4 mA.
3. Circuitc)

o V: Figure 1.25 a) shows the equivalent circuit for the calculation of the contribution
from V; to V,. From this figure we observe that the voltage across R is:

VRZ = *AVU VC + ‘/s
= (1 - Av) Vs
-90 V

Note that Vo = Vs. I, = —0.45A.

e [,: Figure 1.25 b) shows the equivalent circuit for the calculation of the contribution
from I, to Vr,. Note that V¢ is zero. Hence, the voltage-controlled voltage source is
now effectively a short-circuit and the voltage-controlled current source is now an open-
circuit. From this figure we observe that the voltage across R is zero.

The overall voltage across Rs is —90 V and the overall current through R is —0.45 A.
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Gn' Vo

: Ay Ve

Vs
+
() RS >0

[R_v

Ry

Ve=0 Vhr,

Figure 1.25: a) Equivalent circuit for the calculation of the contribution from V; to Vi, b) Equivalent
circuit for the calculation of the contribution from I, to Vg,.
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Chapter 2

Complex numbers: An introduction

Solution of problem 2.1

Imaginary
& Axis
_4_ — _,zl
1
1
23 I
®------- 2.5 1
1 1
1 1
1 1
1 1
1 1
1 1
— : I >
1 -2 i1 Redl
1 | )
| | Axis
1 1
@& - - - - ---- - -3
Z4 !
1
1
1
1
—ab---.,

Figure 2.1: Representation of the complex numbers of problem 1.

Solution of problem 2.2

2

72

11254525

. 0.3562 4 5 0.3836

. (—1.25,0.9)

. (22,5.1)

. (—4,-15.5)
(

© N o o A w N P

. (1.1746,0.4483)

Solution of problem 2.3



2. Complex numbers: An introduction 36

1. z=-3/2+jV127/20r 2 = —3/2 — j /127/2
2. z=1/4+V21/40rz =1/4 —/21/4
3. 2=1/4+;1/4V/390rz=1/4— j1/4/39
4. z=-3
5. 2= —\7/4+j\V65/40r 2z = —/T/4 — j\/65/4
Solution of problem 2.4

1. 1.414 £0.785 (rad)

2. 1.732 £2.186 (rad)

3. 2.022 Z — 0.149 (rad)

4. 3.162 £ — 2.562 (rad)

Solution of problem 2.5

1. 0.5
2. 0.75—j1.3
3. —j0.5
4. j0.5
Solution of problem 2.6

2
-8

—13.753 4 5 9.992
0.072 + 7 0.222
4.511 + 5 8.142

© g ~c w bdh o

0.45 — 50.279

Solution of problem 2.7
l.z=1lorz=-1
2. 2=1+/2/2(1+j)orz =/2/2(1 - j)
3. e z=2"6exp(jm/12) or

o z =2/ exp(j9m/12) or
o 2 =20 exp(j177/12)
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Chapter 3

Frequency domain electrical signal
and circuit analysis

Solution of problem 3.1

The effective value for each voltage waveform v;(¢) can be determined as follows:

to+T
Vers, \/ /t (3.1)

where ¢, can be chosen to facilitate the calculation of the integral in the last eqgn.

e a) Using eqn 3.1 with t, = —T7'/2 we can write:
\/ T/2
Vers /
T/2

The integral of the last eqn can be determined as follows:

T/2 V2 T/4
—/ = —A/ cos?(wt)dt (with w = 27/T)
T/2 T J 74
= = [1+4 cos(wt)]dt
2T J-7)a
VA2|: :|T/4 VAQ |: ' :|T/4
= |t + sin(2wt)
2T | gy 4Tw 14
_ Wi
4
Hence, Vesp, = Va/2.
e b) Using egn 3.1 with ¢, = 0 we can write:
1 T
Van = 5 o
The integral of the last eqn can be determined as follows:
T, vi [T
— tHydt = LB [ t*dt
7 | e =
T
_ &{ ﬁ}
33 |,
Vi

3
Hence, V., = VB/V3.
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e C) Using eqn 3.1 with t, = —T'/2 we can write:

W
Vetts = A\ / s v3(t) dt

The integral of the last eqn can be determined as follows:

1 (772 V2 [T/4
—/ vit)dt = < sin?(4wt) dt (withw = 27/T)
T Jo1/2 T J_ 7
VCQ /T/4
= -5 1 —cos(8wt)]dt
57 )
2 T/4 2 T/4
= &[t} Ve {sin(Swt)]
2T _rys 278w T/
_ Y
4

Hence, Vess, = Ve /2.
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Solution of problem 3.2
Assuming that the AC voltage across 7, is:

va(t) = Vg cos(wt+ ¢y)
and that the AC current through Z, is:

ia(t) = I, cos(wt+ ¢;)

we can obtain the average power dissipated by Z 1, as follows:

1 T
Pay = T/o va(t)ia(t) dt
ala [T wla [T
_ ZTEA(MWU¢wﬁ+2Ttécm®M+m+@Mt
Vala
= 7l cos(0 — 1)
v, I,

= 5 Real [ej¢v X eij‘m]
1
= §ReaI[VA Ii]
with

Vg =V, el
[A:[aejcbi

Introduction to linear circuit analysis and modelling Moura and Darwazeh



3. Frequency domain electrical signal and circuit analysis 40

Solution of problem 3.3

We solve the circuits of this problem using the Nodal analysis method together with phasor analysis.

Figure 3.1: Circuit (a) of problem 3.3.

o Circuit a): The impedances associated with the capacitor, Z and the inductor, Zp,, are:

1
Zo = —=
JwC|,Z30 Kradis
= —j37.04 Q
ZL = ij
w=30 krad/s
= 590.0 Q

The (static) phasor associated with the voltage source is V' = 10 exp(j w/4) V. Since R is
connected in series with C and with L we can determine the current I as follows:
Vv
Zr+Zc+ R

10ed™/4
790 — 737.04 + 100
= 88.4¢7930 mA

I =

The voltage across the resistance, Vz, can be obtained from:

Ve = RI
8.84 1930 v

The voltage across the capacitance, V¢, can be obtained from:

Ve = Zol
= 327/ 0307Im/2 v
= 3277127 v

The voltage across the inductance, V7, is:

Vi = ZpI
— 7'956]'0.304*]'71'/2 \Vj
7.95¢7 187 v/

Note that, as expected, the voltage and the current through the resistance are in phase, that
is, the phase difference between the voltage and the current is zero. On the other hand, the
voltage across the capacitor lags the current by 7 /2 while the voltage across the inductor leads
the current by 7 /2.
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Figure 3.2: a) Circuit (b) of figure 3.1. b) Equivalent circuit

o Circuit b): The impedances associated with the capacitance and inductance are:

1
Zo = ——
JwC|,Z30 Kradis
= —j166.7 Q
ZL = ij
w=30 krad/s
= 4j300.0

From figure 3.2 a) we observe that the series combination of R, with Z, is connected in
parallel with Z<. Hence, we can obtain an equivalent impedance, which represent these com-
binations, as follows:

Zorr, = Zcll(ZL + Ra)
= T77.3—3201.0 Q (3.2
From figure 3.2 b) we recognise that R, and Z¢ 1, r, form an impedance voltage divider. Hence
we can write:
ZCLRs

Vi = - e

b ZcLR, + R1

= 1.97¢779% v

From figure 3.2 a) we also note that Z;, and R, form an impedance voltage divider which
allows us to relate V- and Vg as follows:

Ry
Vo = Vg—"2r0
¢ B Zr, + Ro
= 1.39¢ 7102 v
Now, the current in each element can be obtained:
V —-Vg
I, = ——2
R1 Rl
= 91799 mA
Vi
Iz, = —

= 11.8¢/134 mA
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7 V-V
ZL - ZL

= 467192 mA
Ip, = Iz,

o Circuit ¢): The impedances associated with the capacitance and inductance are:

VLD

; Vi
» Vo
RQ ZC

Va

—1
< Zer, i]

lILRJ Icr, fis

ZrR, <D I R

Figure 3.3: a) Circuit (c) of figure 3.1. b) Equivalent circuit

1
Zoe = —
JwC' 30 Kradss
= —j47.6 Q
ZL = j wlL
w=30 krad/s
= 4150 Q
Since Ry is in series with Z and Ry is in series with Z< we can obtain the equivalent circuit
of figure 3.3 b) with
Zir, = Jr+Iy
= 250+5150 Q
Zcr, = Zc+Ra
200 — j47.6 Q

For this circuit we can write the following set of egns:

ILR1 + IRS =1
(3.3)
Va—Ve=V
that is: v v
A C _
+ =1
Z R
L 8 (3.4)
Va—Ve=V
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Solving in order to obtain V4 and V- we get:

V+ 1IR3

Va = Zip o0

A MR, +ZLR,
= 27.38¢/126 v
17, —V

V — R el S
“ *Rs + ZLR,

= 19.05¢/ 190 v

Hence, the current that flows through C and Rs is given by:
Va—Ve
ZCR,
= 48.6¢/192 mA (3.5)

Icr,

and the current that flows through L and R; is given by:

Va
I
LR, Zin
= 93.9¢97 mA (3.6)
The current that flows through R3 is given by:
Ve
Ip, = —
R3 Rg
= 68.0e1°° mA (3.7)
The voltages across R, and C are given by:
Vr, = Icr, R2
= 9.73¢/192 v
Vze = Icr, Zc

= 232¢779% Vv

The voltages across R, and L are given by:

Ve, = Ipr, 1
= 23.48¢1072 v
Vz, = ILr, Z1

= 14.096&7229 v

o Circuit d): The impedances associated with the capacitance and inductance are:

1
Ze = —F
JwCl—30 krads
= —j333 Q
ZL = ] wl
w=30 krad/s
= ;180 Q
Since R, isin parallel with Z~ and R5 is in series with Z, we can obtain the equivalent circuit
of figure 3.4 b) with
Zc Ry
VA - =
CR1 ZC + Rl
= 0.85—-;33.31 Q
Zrr, = Zir+ R
= 800+ 4180 Q
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G Vi (A)
R] —
+ —
CD v —_V R,
Z1,
. 11
a)
G Vi (A)
Va=V=-W Vv,
. B
T Zen I l
LR, Z
CD v > Vl "
+

Figure 3.4: a) Circuit (d) of figure 3.1. b) Equivalent circuit

For this circuit we can write the following:

Itr, + G V1 =0

Since V7 = —V we can write the last egn as:
Vi
- GrV =0
ZLR,
that is
VB = Zip, GV

= 820.0&/ 101 v

The currents that flow through C, Iz, and through R, IR, , are given by

v
Ize = —
Zc Zo
= 03&2% A
4
In, = —
Ry R,

= 7.76¢297 mA

The current that flows through the series combination of L with Rs is

Itp, = 10707 A
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Solution of problem 3.4

In order to have maximum power transfer at f = 35 kHz Z, must be equal to Z§ at this frequency.
Zs is the impedance of the series combination of the 120  resistor and the capacitor (see figure

+
<_> u(t) Z

Figure 3.5: a) Circuit of problem 3.4 b) Equivalent circuit.

3.5):
Zs = Rt 5o
5 = -~
327 O =35 kHz
= 120-;7.58 Q

Hence Z;, should be made equal to Z% = 120 + j 7.58 ). A circuit which realises this impedance
Zy = Zg at f = 35 kHz is the series combination of a 120 2 resistance with an inductance L such
that;

jQWfL‘ =457.58
f=35 kHz

thatis L = 34.46 uH.
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Solution of problem 3.5

e a): The average value Cj is determined as follows:
T/2
o = 7 [ v
T/2

T/4
= —/ Va cos(wt) dt
T/4

7w (7],
= — —|sin| =t
T 27 T —T/4

Va

™

The coefficients C,, (|n| > 0) are determined as

T/2
c, — _/ Je 2T gy
T/2

T/2 1
= = 2 t) e 727 Ft gt
( "pi)e

T —T/2

T/4
e E eJQW—tdt+VA/

2T | 14 2T

VA T |:j271'1*
= —_— ———— é T
2T j27w(1—n)

2T —j2m(1+

(w=2n/T)

n ti| T/4
—T/4
Va T [e jomltng }

27

_ Va 1—-n Va 1
= 1 Sinc < B )+ 1 sinc <

Figure 3.6 shows the spectrum of v (¢).

e b): The average value Cj is determined as follows:

1 7
C() = —/ vg(t) dt

__/ Vet

2
The coefficients C,, (|n| > 0) are determined from

C, = —/ Ye it gy
— _/ VBt —_]271' tdt

E —e j27\'T (
T {(=j2mg)’
%2
(27n)?

Vs

2mn

N——
1

1—n 1+n

n)
_ Va <sin [(1-n)Z] N sin [(1+n)Z]

1+327r—t

e 2™ (1 +42mn) —1

(3.8)

(3.9)
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4 [Cal (V)
1
f/T
! 1 ! ! ‘ -
—6 —4 -2 2 4 6
a)
\ ZC, (rad)
™
fr
T T T T T T -
—6 -4 -2 2 4 6

Figure 3.6: Spectrum of v4 (¢) a) Magnitude. b) Phase.

Figure 3.7 shows the spectrum of vy (¢).

e ¢): The average value Cj is zero. The coefficients C,, (|n| > 0) are determined from
1 [T o
C, = T/o v3(t) eI2ZT Tt gt
1

T/4
= —/ Vo cos(dwt)dt (w=2m/T)
T ) 14

Ve 4—n Va . 4+n
= 1 Sinc ( B )+ 1 Sinc ( 5 >

Figure 3.8 shows the spectrum of vs(¢). Note that the spectrum contains no DC component.

Introduction to linear circuit analysis and modelling Moura and Darwazeh



3. Frequency domain electrical signal and circuit analysis 48

4Gl (V)

b)

Figure 3.7: Spectrum of v (¢) a) Magnitude. b) Phase.

Solution of problem 3.6

Using phasor analysis we determine the output voltage V' as follows:

R

Vi = Vi
r SZc+R

(3.10)

where Z¢ is the impedance associated with the capacitor:

1

VA - -
© jenfC

Eqn 3.10 can be written as:

B j2nfRC
VR=Vs T o RO (3.11)

we define
Vr
H = =
() =
giving

ji2n fRC
= = 3.12
1+j27nfRC (312)
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LGl (V)
1
T
| ‘ e ‘ |
T T T T T T T T T
—6 —4 -2 2 4 6
a)
\ ZC, (rad)
T
1
T T T T T T T -
—6 -4 -2 2 4 6

Figure 3.8: Spectrum of v3(¢) a) Magnitude. b) Phase.

Solution of problem 3.7

e a): Using the result of the last problem (see eqn 3.11 with Vo = V) and by applying the
Superposition theorem, that is, substituting the phasor Vs in eqn 3.11 by the phasors C,, given
by egn 3.8 and 3.9, we obtain the phasors representing the output voltage, Vo, , as follows:

0 , n=20

Vo, = ~VsRC (3.13)
T(1+j27r2RC) 70
T

and the output voltage, v, (¢) can be written as :

vo(t) = i|2Von|cos(27r%t+ZVon)

3
—

e <
_ Z 0—6 cos [QW%t+7r—tan’1(2.87rn) V

— 1+ (2.87n)?

3

(3.14)

e b): Using phasor analysis we determine the output voltage V as follows:

Zr,
Zr,+ R

where Z, is the impedance associated with the inductance:

Vo = Vs (3.15)

ZL = _j27TfL
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Eqgn 3.15 can be written as:

j2nfL/R

Vo=Vg—ol
©T S1¥jerfL/R

(3.16)

Using again the Superposition theorem, that is, substituting the phasor Vs in egn 3.16 by the
phasors C,, given by egn 3.8 and 3.9, we obtain the phasors V,,, as follows:

0 , n=20
Vo — _ 3.17
(o ‘./B L/;% n£0 (3.17)
T (1 +j27TTL/R)
and the output voltage, v, (¢) can be written as :
> n
o(t) = 2 (2 Ly )
Vo (t) T; [2Vo, | cos (27 T + £Vo,
0 =
= Z 56 cos [27r Tt —tan"'(2.87n)| V
= 1+ (287mn)? T

(3.18)

Comparing egn 3.14 with egn 3.18 we observe that these are identical. This means that both
circuits produce the same output when driven by the same input signal, regardless of fre-
quency. Both circuits are high-pass filters.
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Solution of problem 3.8

We apply phasor analysis together with the Nodal analysis method to the circuits of figure 3.9.

Vo

i=3

R ’ 7

Figure 3.9: Circuits of problem 3.8.

o Circuit a): For this circuit we observe that the output voltage is applied to the parallel com-
bination of Z, Z;, and R. This parallel combination can be represented by an equivalent
impedance Z., given by:

Zeg = Zcl|lZLl|R
j2nfLR
= 3.19
RA-Q2nf)2LCH+j2n fL (3.19)
Since Vo = Ig Z., the transfer function is equal to Z.4;
j27nfLR
H = 3.20
(f) R1-2nf)?LC+j2n fL (3.20)
The magnitude of the transfer function is:
2n f LR
)| = / (3:21)

VR — 27 [)2LCR + (27 f)2 L2

Figure 3.10 shows the magnitude of the transfer function versus the frequency.
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[H ()] ()

200

100

—e

103 | “/TK‘HlO"1 | B ““‘105

fa f, Jo J (Hz)

Figure 3.10: Magnitude of the transfer function versus the frequency.

Note that the peak value of the magnitude of the transfer function is equal to R = 230 Q2 and
it occurs at the central frequency f, given by:

1

Joo = 27V LC
= 5.03 kHz

The 3 dB cut-off frequencies satisfy the following eqn :

27 fLR R
VR — 27 f)2LOP + (27 f)2 L2 V2

Solving, we obtain:

1+27¢/7L " V14+4dre/m

2 2
275 271G

(@2rf)? =

where 7o = RC and 71, = L/ R. Taking the square root we find:

1
(1+2TC/TL— 1+4T0/TL)2

Ja = 2 \/57‘0
(1 + 27‘0/7‘L +4/1 —‘1-47'0/71)5
Joo = 2 \/57‘0
The bandwidth is (f., — f.,) = 692 Hz. The Quality factor can be calculated as indicated
below:
Jo
Q = +——
sz - fcl
= 7.3

o Circuit b): For this circuit we can write the following set of egns:

Vs —Va _Va , Va—-Vo
It Zc ZL (3.22)

— 2
Vo=pm iz Va
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with
1
Z, = —
© jwC
ZL = _ij

Solving we obtain:

Ry

Vo = Vi
O SRyt Ri+j2nf(ReRiC+L)— LR, C (27 f)?

that is:

— R2
- Rs + Ry +j27rf(R2R10+L)—LR10(27rf)2

H(f)

Figure 3.11 shows the magnitude of the transfer function versus the frequency. The 3 dB

[H(f)|

0.3 A

0.2

0.1 7

f (Hz)

T

T 1
102 0 Je 10* 10°
Figure 3.11: Magnitude of the transfer function versus the frequency.

cut-off frequency satisfies the following egn :

1 Ry
H = — "
From figure 3.11 we can obtain the 3 dB cut-off frequency; f. = 2.64 kHz. The bandwidth is
also 2.64 kHz.
o Circuit c): For this circuit we can write;
ZLR
Vo=—""V
©" Zin+ 2o °
where Zp. i is the impedance associated with the parallel combination of R with L, that is:
j2rnfLR
ZLR = o5
j27nfL+ R
The output current I, can be expressed as:
Vo
IH = —=
0=
that is:
ZLR 1
Io=Vg —"—— —
© o Zir+ Zo Zy,
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Finally,
Zin 1
H - __“ZLrR -
() Zrr+ Zc Zr,
2w fC

j2nfL+R[— (27 f)2LC]

Figure 3.12 shows the magnitude of the transfer function versus the frequency. The 3 dB

T‘H (NI (mS)

0.3 -
0.2 A
(.
(I
[
()
01 - X
[
()
()
[
O f (Hz)
T L1
102 103/ \ 10*
fq f(’Q

Figure 3.12: Magnitude of the transfer function versus the frequency.

cut-off frequency satisfy the following egn :

1c

V2 L

From figure 3.12 we can obtain the 3 dB cut-off frequencies; f., = 1.27 kHz and f., = 1.43
kHz. The bandwidth is therefore 160 Hz.

H(NI =

Introduction to linear circuit analysis and modelling Moura and Darwazeh



3. Frequency domain electrical signal and circuit analysis 55

Solution of problem 3.9

e Signal a): v1(t) can be expressed as

U1 (t) =

gt for0<t<a
(3.23)

0  elsewhere
withb =3/2anda =4 x 1073,
Vi1(f) can be calculated as follows:

Vi(f) /m o(t)e 927 gt

oo

ab )
= / Zte 12T it gt
0 a

(1+2jarm fle2iarf 1
4am? f2?

Figure 3.13 a) shows the magnitude of V() and figure 3.13 b) shows the phase of V;(f).

= b

b [Vi(f)] (mV/Hz)
3

—T

b)
Figure 3.13: a) Magnitude of V4 (f). b) Phase of V1 (f).
e Signal b): vo(t) can be expressed as
(t+3a)/a for —3a<t< —2a
1 for —2a <t <2a

va(t) = (3.24)
(=t +3a)/a for2a <t<3a

0 elsewhere
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with ¢ = 1073,
Va(f) can be calculated as follows:

Vz(f) — /Oo vg(t)(f”“ftdt

— 00

—2a 2a
/ ﬂeijWftdtJr/ e d2mft g

—3a a —2a
3a
+ / I3 enrt g
2a a
2 cos(dm fa)—2cos(67 fa)—4n fasin(dr fa)
472 f2q

+ 4dasinc(4fa)
Figure 3.14 a) shows the magnitude of V() and figure 3.14 b) shows the phase of Va(f).

b [Va(f)| (mV/Hz)
5
f (kHz)
1 0.5 0.5 1
a)
s £Va(f) (rad)
7T -
[ (kHz)
105 ) 05 1

Figure 3.14: a) Magnitude of V2 (f). b) Phase of V5 (f).

e Signal c): v3(t) can be expressed as

t t—2a t+2a
t = 2rect [ — rect rect

with @ = 1073,
V3 (f) can be calculated as follows:

Vi(f) = /OO va(t) e 27 dy

— 00

= 4asinc(2fa) [1+cos(dn fa))
Figure 3.15 a) shows the magnitude of V3(f) and figure 3.15 b) shows the phase of V3(f).
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b [V5(f)| (mV/Hz)
8
4
f (kHz)
-1 -0.5 0.5 1
)
s £V3(f) (rad)
7 (Hz)
—‘1 -0.5 b) 0.5 ‘1

Figure 3.15: a) Magnitude of V3(f). b) Phase of V3(f).

Solution of problem 3.10

Let us consider the convolution between two functions x(¢) and y(t). z(t) * y(t) can be expressed
as:

z(t) * y(t) = / x(t— ) y(\) dAr (3.25)
Using the variable transformation
T=1t—A
we have
dr = —d\
A— —00 = T — 00
A—o00 = T— —00
and eqn 3.25 can be written as follows:
z(t) * y(t) = —/ x(r)y(t —7)dr
+oo

= /+0° x(r)y(t —7)dr

— 00

= y(t) * z(t)
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Solution of problem 3.11

The transfer function of the circuit can be calculated using phasor analysis:

Ve
H(f) = 2
1

1+j2nfRC—(2nf)2LC

This transfer function can be written as follows:

w2

H = 0
V)= Erieniene) @ f?
where
1
Wo = —F—
VvLC
= 30.9 krad/s
and
1 C
L R
= 0.7

The transfer function can also be written as

1 = 2 (5 57

Bo—Bi \Pr+j2nf Patj2mf
with

51 = nwoiwo\/nQ_l

52 = 77Wo¥wov772—1

Choosing 81 = nw, — wo v/n? — 1 and B2 = nw, + w, v/n? — 1 and using the table of Fourier
transforms in Appendix A we can write the impulse response as:

M) = P (e )
= :;;37 le—wont (ewo\/UQ——lt —e e V”2_1t) u(t)

Since 7 is less than one, the last egn can be written as:

Bt) = et (e VISR e VIS gy p)
J2/1—n?
= %7726_‘”“” sin (wo 1—n? t) u(t)

Figure 3.16 shows h(t).
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h(t)
4 (x10%)
15
10
5 —
t(s)
I V ‘ hel —4
1 5 3 (x107%)
Figure 3.16: Impulse response.
Solution of problem 3.12
The output voltage is given by:
vo(t) = h(t) *v;(t)
_ / B(A) i ( — A)dA (3.26)
where h(t) is as calculated in the previous exercise and v;(t) is given by
t—T,/2
v; = VareCt (T)
Eqn 3.26 can be written as:
t
/ h(\) Vi, dA for <t<T,
0
Vo (t) = (3.27)
t
/ h(A) VydX for t>T,
t—T,
Solving, we obtain:
Vi ot -
Va—ﬁe i sm(\/l—n wot—l—d)), 0<t<T,
-n
Vo (t) = (3.28)
L |:e_wo77t sin ( /1 —n2w,t + ¢)
1—n2
—e~won(t=Ta) gin (\/ 1—n2w, (t—T,) + qﬁ)} , t>T,
with

¢ = tan™" vi-n
n

Figure 3.17 shows v;(t) and v, (t).

Introduction to linear circuit analysis and modelling Moura and Darwazeh



3. Frequency domain electrical signal and circuit analysis 60

boi(t) (V)
2
t &
a) 0.5 (H;*)
b (1) (V)
5 |
t
e (ms)
b)

Figure 3.17: &) v;(t). b) v, ().
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Chapter 4

Natural and forced responses circuit
analysis

Solution of problem 4.1

suc(t)/Vs
1.0 1
0.8 1
0.6 1
0.4 -
0.2 1
t
T 2T 3T 4T 5T

Figure 4.1: Voltage normalised to V; versus time normalised to 7T'.

Figure 4.1 shows v (t) when = = T'/3. From this figure we observe that the circuit reaches its
steady-state at about 27". We conclude that for a smaller time constant the circuit bandwidth in-
creases and, therefore, the circuit reaches its steady-state more quickly.
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Solution of problem 4.2

e The Laplace transform of v, (¢) can be calculated as follows:

Vi(s) = / T ) etdt

e The Laplace transform of v, (t) can be calculated as follows:

Va(s) = /0'00 vo(t) e 5t dt

oo
— [ﬁestﬁ 7st73675t
s 52 s3 0
_ 2 Real
= 5 Rea (s)>0

e v3(t) can be expressed as follows:
v3(t) = 2 u(t) — (t — 1) u(t — 1)
Now the Laplace transform of v2(t) can be calculated as follows:
Vi(s) = Va(s) = Va(s)e™
2

~ (1—e™®) Real(s) >0
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Solution of problem 4.3

e The roots of the equation (s — a)? + b* = 0 are:

s = azxjb
Now we can write:
1 B KK
(s—a)2+b>  s—a—jb s—a+jb
that is:
1 _ Ki(s—a+jb)+ Ko(s—a—jb)
(s —a)2 +b2 (s —a)? +b?
The last egn is an equality if:
Ki+Ke=0
(4.1)
Kl(—a—i—jb)—l—Kg(—a—jb) =1
Solving, we obtain:
1
K = —
! 720
1
Ky, = ——
2 j2b
The inverse Laplace transform can now be obtained as follows:
1 ; 1 )
) = (a+jb)t _ (a—jb)t
z1(t) j2b°¢ j2b°¢
1 ej bt efj bt
— - eat :
b 27
Lt (bt)
= — € S11
b
o We can write X»(s) as follows:
S _ Ka1 Ka2 + Kb1 + Kb2
(s+a)?(s+b)? (s+a)? s+a (s+b)? s+b
The coefficients K,,, K,,, K, and K, can be obtained solving the following set of egns:
Ky, + Kp, =0
Kpa+2Ky,b+ Ky + Ky, + Ky, b+2K,,a=0
(4.2)

2Ky b+2Ka,ab+ Ko, b2 +2Ky, a+2Kp,ba+ Ky, a? =1

Ko 0>+ Ky, ba? + Ky, ab?> + Ky, a>2 =0

Solving, we obtain:

—a
Ko, =
' (a—b)?
-b
K, = ——
"7 (a-bp
K, = —(a+b)
" (a —b)?
(a+b)
K., =
’ (a—b)°
The inverse Laplace transform can be written as
zo(t) = (Ko + Koy t)e %t u(t) + (Ky, + Ky, t) e 2t ult)
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e X3(s) can be written as

1 K K
s2—a?  s+a s—a
with
1
K = ——
! 2a
1
Ky = —
2 2a
and x4 (t) can be obtained as follows:
1 1

X1 (t) =

I
|
&.
jm}
=
—
IS
~
~—
I
S
~—
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Solution of problem 4.4

e Circuita): Figure 4.2 a) shows the equivalent circuit for ¢ < 0. Note that, if connected to a DC

Vry(f)
(VRy(9)

Figure 4.2: a) Equivalent circuit for ¢ < 0. b) Equivalent circuit for ¢t > 0.

source for a long time the inductor behaves as a short-circuit. The current that flows through
R; and L can be determined as follows:
Vs Ry
I, = 4.3
r (Ri1||R2) + R3 Ry + Ry 4-3)
= 0.75 mA

The voltage across R is:

Ry
—V;
R+ Ry
= 0.7V

Ve, =

Figure 4.2 b) shows the equivalent circuit for ¢ > 0. Using Fourier transforms we can write
the following eqgn:

Ve, (f) + VL(f) = VR, (f)
that is:
RiI(f)+j2m fLI(f)— LI, =—RyI(f)
where I, is given by eqn 4.3. Solving this eqn to obtain I( f) we have:

LIy

[ = Ri+Ro+j2nfL

and Vg, (f) is:

Ve, (f) = RiI(f)
R LIy
Ri+Ro+j2nfL
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Calculating the inverse Fourier transform we obtain the time domain voltage across R, for
t >0, that is:

vp, (t) = RyIpe tUatRa)/ly ) (4.4)
The voltage vg, (t) can be written, for all time ¢, as follows:

Ry

T Ve uot) + Ry Ly et L ) (4.5)

VR, (t)

Now, we use Laplace transforms to analyse the circuit (see figure 4.2 b)). We can write the

following egn:
Ry I(s)+sLI(f)— LI, =—RyI(s)
that is:
LIy
I = — =
(f) Ri+Rs+sL
and Vg, (s) is:
Ve, (f) = Ril(s)
B R LI,
B Ri+ Ry+sL

Calculating the inverse Laplace transform we obtain the time domain voltage across R, for
t >0, thatis:

VR, (t) = RyIpe 'FtRa)/ly ) (4.6)

Comparing egn 4.4 with 4.6 we observe that these are equal. This is expected since both
methods (Fourier and Laplace transforms) can be used to study the natural response of a
circuit. Figure 4.3 shows the voltage across R;.

s Ur,(1)
V)
0.8
0.6 |
04 |
0.2 |
t
0 2 4 6 (us)

Figure 4.3: Voltage across R;.

e Circuit b): Figure 4.4 a) shows the equivalent circuit for ¢ < 0. Note that, for DC, the
capacitor behaves as an open-circuit. Hence all the current flows through R- giving rise to a
voltage across its terminals:

VR2 = RQ IS
= 4V
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bl

ORI

Figure 4.4: a) Equivalent circuit for ¢ < 0 b)Equivalent circuit for ¢t > 0.

Since the resistor R; is not conducting, vg, (t) = 0 for ¢ < 0 and the voltage across the
capacitor, for t < 0, is Vg,.

Figure 4.4 b) shows the equivalent circuit for ¢ > 0. From this circuit it is clear that the voltage
across R, is the same as the voltage across the capacitor. Using Fourier transforms we can

write:
T o jeegeve(p +Ovi,
Note that V, corresponds to the initial condition of the capacitor. The voltage V- (f) can be
obtained as:
Ve(f) = e

V - -
By 5on fR C
Taking the inverse Fourier transform we get:
ve(t) = Vg, e /T u(t)
with 7 = R; C. The voltage across the resistance R, for all time ¢, can be written as:

vr,(t) = Vg, e T u(t)

Using Laplace transforms we can write (for ¢ > 0):

Vo(s) = —sCVe(s)+ C Vg,
Ry
The voltage V- (s) can be obtained as:
Ve(s) = Vi, %
Taking the inverse Laplace transform we get:
ve(t) = Vg, e VT u(t)

where 7 = Ry C. The voltage across the resistance R; can be written, for all time ¢, as:
vp, (1) = Vg,e T u(t)

Once again the Fourier transform and Laplace transforms give the same result. Figure 4.5
shows the voltage across R;.
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y URl(t)
bW

Figure 4.5: \Voltage across R;.

Solution of problem 4.5
o Circuit a): Figure 4.6 a) shows the equivalent circuit for ¢ < 0. Since the capacitor represents

Ry

Rs

V.

Figure 4.6: a) Equivalent circuit for ¢ < 0. b) Equivalent circuit for ¢ > 0.

an open-circuit at DC, R, is not conducting and the voltage across the capacitor, V,,, is the
voltage across R3, which is given by:

R3
Vo, = Vi—2
fis Ry + R;
= 044V

The inductor behaves as a short-circuit at DC. Therefore, the voltage across its terminals is
zero. The current that flows through the inductor is the current that flows through Rs:

Ilo = IR3
Vr
Ip, = —2
R3 R3
= 3.7 mA

Figure 4.6 b) shows the equivalent circuit for ¢ > 0. For this circuit we can write (using
Laplace domain analysis):

Vo(s) = Vg(s)+ Vi(s)
that is
I(s) | Veo _
okl RI(s)+sLI(s)— LI,
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with R = Ry + Rs. Solving in order to obtain I(s) we get:
C Vco + L C S Ilo
I(s) = =
1+sCR+LCs?
The last egn can be written as follows:
2
w.
I = C ‘/co L
(5) 2420wy s+ w2
S
e
ok 2420w, s+ w2
with
1
Wy, = —F
VvVLC
= 50 krad/s
1 C
= —_ R _—
K 2 VT
= 2.2
Taking the inverse Laplace Transform (n > 1) we have:
it) = CVg, — 2" Sinh (wn n? — 1t) e ey (t)
V-1
Contribution from V,,
+ I lcosh (wn 72 —1 ) — \/%1 sinh (wn 7% — 1t)1 e tnen y(t)
02—

Contribution from I,

Figure 4.7 shows i (t) versus the time.

Contribution
from I;,

Figure 4.7: The current for all time ¢.

e Circuit b): Figure 4.8 a) shows the equivalent circuit for ¢ < 0. The voltage across the

capacitor is equal to the voltage across R; given by:

‘/co = VR1
= I, Ry

The current through the inductor is zero since the capacitor is not conducting.
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a)

Figure 4.8: a) Equivalent circuit for ¢ < 0. b) Equivalent circuit for ¢ > 0.

Figure 4.8 b) shows the equivalent circuit for ¢ > 0. For this circuit we can write:

Vi(s) = Vr, +Vel(s)
that is
I co
sLI(s) = —Ral(s)— % + Vs
Solving, we get:
CVeo
I —
(s) PLC+sCRy+1
2
w
= C cho L
2420wy s + w2
with
Veo = iRy
= 2V
1
wn = —F—
VLC
= 14.1 krad/s
1 C
=Ry
= 035
Taking the inverse Laplace transform we obtain
. Wn : —tnw
i(t) = CVy—m—x sm(wn 1—772t) e " u(t)

VP

Figure 4.9 shows i(t).
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t(s)

I I $ I
2 \y 6 8 10 x107*

Figure 4.9: The current i(t).

Solution of problem 4.6
e Circuit a): Figure 4.10 shows the equivalent circuit in the s-domain. For this circuit we can

Figure 4.10: Equivalent circuit in the s-domain.

write:

Rills&
Ve,(s) = Vs(s) 00—
(Rl ) + Re
Ry 1
= V
S(S) Ri+ Ry x 1+s7
with
Vo -5
s(s) =~
Ry Ry
= C _—
g ! Ry + Ry
Vs = 3 V. Thus V¢, (s) can be written as:
Ry 1

C/;|m<

AV =
CI(S) XR1+R2X1+ST

Taking the inverse Laplace transform we obtain

V.R o
’UCl(t) = &T;Q (1*6 t/ ) ’LL(t)

Figure 4.11 shows v, (¢)
Moura and Darwazeh
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4 va(t) (V)

1.5

9 1 <1074
Figure 4.11: The voltage across the capacitor C.
T !
— Ry (sCp)t
| ) Vs(s) -
_ Ry

Figure 4.12: Equivalent circuit in the s-domain.

e Circuit b): Figure 4.12 shows the equivalent circuit in the s-domain. For this circuit we can

write:
Rill+&
Ve,(s) = Vs(s) - - -
(Rl||m) + (Rz||m)
that is:
Rl 1 +SR2 CQ
V01 S = VS S
() ()R1+R2 1—"—8(01-1-02)1511;}22

Since Ry C1 = Ry Cs the last egn can be written as:

Ry

= Vg(s) ———

VCI (S) S(S) Rl “FRQ
Taking the inverse Laplace transform we have
R
t —_— t

vcl() R1+RQUS()

= 2.5u(t)

This shows that if R; C; = Rs Cs then the output waveform is a smaller though undistorted
version of the input. This result is important for the design of attenuators and can be found in
nearly all oscilloscope attenuators and probes.
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Solution of problem 4.7

e Circuit a): Figure 4.13 shows the equivalent circuit in the s-domain. For this circuit we can

Is(s) I1(s)

—

Figure 4.13: Equivalent circuit in the s-domain.

write:
Vs(s)
Ig(s) = ——220
S( ) R2+(R1||SL)
L
— Vs(s) Fats

RoRy+sL(Ry+ Ry)
Now the current in L can be obtained from the current divider expression:

R
Ri+sL
Rq 1

R+ R» 1§1+1%2 +sL

Vs Ry 1

? R+ R» 1511;%2 +sL

I(s) = Is(s)

= Vs(S)

with Vs = 4 V. Taking the inverse Laplace transform we obtain:

in(t) = g—z(ke*t/f) 4.7)

with 7 = L/(Ry||R2). Figure 4.14 shows Iy, (t).

Ip(t) (mA)

Figure 4.14: The current i, (¢).
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Figure 4.15: Equivalent circuit in the s-domain.

e Circuit b): Figure 4.15
shows the equivalent circuit in the s-domain. For this circuit we can write:

Vs(s)
Ry + (R2||S L)
Ry +sL
Ro Ry +sL(Ra+ Ry)

Is(s) =

= Vs(s)

and

R
Is) = g el

Vs 1 1

~ P. 1. .7 RitRs
s Ry 1+ s Lt

Taking the inverse Laplace transform we obtain:
. _ Vs —t/T
i(t) = 7 (1 e ) (4.8)

with 7 = L/(R;||Rz). Figure 4.16 shows I, (¢).

Ir(t) (mA)

Figure 4.16: The current i, ().
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Solution of problem 4.8

Figure 4.17 shows the equivalent circuit in the s-domain. The current through the resistance can be

- -%S(S) I L R

= lIL(s) l]c(s) ilza(s)

Figure 4.17: Equivalent circuit in the s-domain.

obtained as follows:

Zic

Ir(s) = IS(S)m

with Is(s) = I5/s and with Z ¢ representing the parallel combination of s L with (s C)~};

Zic = SL||(SC)_1
sL
1+s2LC

Hence, Ir(s) can be written as:

sL
s$2LCR+sL+R
2nwy s
2420wy s + w2
2nwy
2420wy s + w2

Ir(s) = Is(s)

= [S(S)

- S

with
1
VvVLC
= 64.6 krad/s
1 JL
T = 3rVC
= 048
Taking the inverse Laplace transform we have:
2 —tnwn
ip(t) = I % sin (\/ 1—nw, t) u(t)
-n
The current through the capacitor can be obtained as follows:

ZLR

Ic(s) = IS(S)W

with Z, r representing the parallel combination of s L and R;

ZLR = SLHR
sLR
R+sL
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Hence, I (s) can be written as:

s°LCR
s2LCR+sL+R

82

Ic(s) = Is(s)

= [S(S)

2420w, s+ w2
s

S

2420wy s + w2
Taking the inverse Laplace transform we have:

e~ tnwn

N

Z.C(t) = ]g

cos (ﬂwn t+ gb) u(t)

with

- n
=tan ! [ ——
’ < Vi=n® )
The current through the inductor can be obtained as:

ZCR

I(s) = IS(S)m

with Z¢ R representing the parallel combination of (s C)~! and R;

Zer = (sC)7YIR

_ R
~ 1+sCR

Hence, I1,(s) can be written as:
R
Ls) = Is) GTeR 1+ R

w2
= Is(s) .

2420w, s+ w?
wp

I
* s(s2+2nwn s+ w?)

Taking the inverse Laplace transform we have:

e—tnwn

N u(t)

in(t) = gl1 sin (V1= 72wnt + o)

with

¢ = tan~! <7‘/1_772)
n
Figure 4.18 shows ig(t), ir(t), ic(t) and iy (t). Note the oscillatory response associated to iz (t),
ic(t) andig(t) dueton < 1. Itis interesting to note that as ¢ — oo the inductor conducts I, while R
and C do not conduct. This is expected since, as ¢ — oo the electrical elements ‘see’ i5(t) asa DC
current source and it is known that for DC the inductor behaves as a short-circuit and the capacitor
behaves as an open-circuit.
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y is(t) (mA)
12
10
g
6 ]
,_1 3
2
t(s)
1 9 3 x107
_o-
b in(t) (mA)
12
10
g
6 -
4 —
9
t()
\ g 2 3 x107
—o
p ic(t) (mA)
12
10
s
6 ]
4 3
2
N ¢ @

1 2 3 x10™
— 2

b i(t) (mA)

8
6,
44
94
t()
1 2 3 x107
—92

Figure 4.18: ig(t), ir(t), ic(t) and i (t)
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Solution of problem 4.9

The circuit is critically damped when 1 = 1. Using the results obtained in the previous problem we

have
R = 24 L
- C

38.7 Q2
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Electrical two-port network analysis

Solution of problem 5.1

o Circuit a): Figure 5.1 a) shows the equivalent circuit for the calculation of Z1; and Zs;. From
this figure we can write:

Vi = (Zh+22) 1
Voo = Zo1h

Hence we have:

\%1
Iilpg
= Z1+ 2
Vs
I
= 7

I>=0

Figure 5.1 b) shows the equivalent circuit for the calculation of Z;2 and Z5,. For this circuit
we can write:

Vo = Zyl
i = W

Hence we have:

1, =0

Zoy = —

Figure 5.1: a) Calculation of Z1; and Z5;. b) Calculation of Z;5 and Zs,.
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Figure 5.2: a) Calculation of Z1; and Z,;. b) Calculation of Z15 and Zs,.

e Circuit b): Figure 5.2 a) shows the equivalent circuit for the calculation of Z1; and Z,;. From
this figure we can write:

i = Z11
Vo = W1
Hence we have:
Vi
Zn = —
I I,=0
= 7
v
Zy = =
I I>=0
= 7

Figure 5.2 b) shows the equivalent circuit for the calculation of Z15 and Z»5. For this circuit

We can write:
Vo = (Zo+21)1
i = Z11
Hence we have:
Vi
Zig = —
I I,=0
= 7
Vs
Zyy = —
I ;=0
= Z1+ 22

e Circuit ¢): Figure 5.3 a) shows the equivalent circuit for the calculation of Z1; and Z,;. From

v, k=0

Figure 5.3: a) Calculation of Z1; and Z5;. b) Calculation of Z;5 and Zs,.
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this figure we can write:

Iy =1z + 1z
L =1z,+1z,
(5.1)
Iz, =1z,
Vo=V —T¢
that is vV vV
-V 1— VB
h="7"%"7
]1:V_B+Zi
Ze % (5.2)
Ww-Ve _ Vo
A 4
Vo=Vg —-Vo

Solving, to obtain V; and V5 we get:
(Z3 + Zo)(Zy + Z1)

Vi =
' Y Zs+ Za+ 20+ Zo
v — (Z27) — Z3Z4)
> = I
L3+ Zy+ 21+ Zo
Hence we have:
v
Zn = 2
I I>=0
_ (Zs+ Z2)(Z4 + Z1)
Z3+ Zy+ 21+ Zo
v
Zy = =
I I>=0

s+ Zy+ 21+ Zo
Figure 5.3 b) shows the equivalent circuit for the calculation of Z15 and Z»5. For this circuit

we can write:
Iy =17, + Iz,
I =1z, + 1z
(5.3)
IZs = IZ1
Vi=Va—-Vp
that is VeV VeV
_ V2 — VA 2 — VB
12 - Z3 + Z2
_Vep . Wy
12 - Z4 + Z1 (5 4)
Vo—Va _Vy
Z3 Z
M1=Va—-Vp
Solving, to obtain V; and V5 we get:
Zoly — L3y

Vi = D

Z3+ 2o+ 21+ 2>
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(Zo+ Z4)(Z3 + Z1)

V =
? 2 Zs+ Za+ 7o+ Zs
Hence we have:
Vi
Zyp = —
I I,=0
_ ZyZy — Z3Zy
s+ Zs+ 71+ 7
v
Zyy = —
I I,=0

(Zo+ Z4)(Zs + Z1)
Z3+ Zy+ 21+ Zo

e Circuit d): Figure 5.4 a) shows the equivalent circuit for the calculation of Z; and Zs;. For

IQIU [1:0

Figure 5.4: a) Calculation of Z1; and Z5;. b) Calculation of Z;5 and Zs,.

this circuit we can write:

Vi = LI[Z:i||(Z2 + Z3)]
: Z1(Z2 + Zs3)
Zy+ Zy+ Zs
and
Al

Vo = [ Zy—2b
2 Y2 2o + Zs

Hence we have:

21+ Zo+ Z3
Vs

Z = —
22 T,

Io=0
VA4
At S—
Zy+ Zy+ Z3

Figure 5.4 b) shows the equivalent circuit for the calculation of Z;; and Z5,. For this circuit

we can write:
Vo = L2Z||(Z1+ Zs)
_ g Z2(Z1 + Z3)
2 7 Zo+ Zs
and
Zs
Vi = b ——7~-—— 55
! ? 1Z1+Z2+ZB 6.5)
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Hence we have:
i

Ziy = -
12 IQ

I, =0
Z
A e
21+ Zo+ Z3
Vs
I I,=0
Zy (Z1 + Z3)
21+ Zo+ Z3

Zoyg =

e Circuit e): Figure 5.5 a) shows the equivalent circuit for the calculation of Z;; and Zs;. For

I, =0

Figure 5.5: a) Calculation of Z1; and Z,;. b) Calculation of Z;5 and Zs,.

this circuit we can write:

%] V.

_A’!"U o
L = R

‘/1 - Arv ‘/2
= — = 5.6
- (56)

and
Vo = ‘/2 = Af’L I’L Ro

= Ap LR, (6.7

Equations 5.6 and 5.7 can be solved to obtain V; as follows:
Vi=L (Ri+AwAyp R,)
Hence, we can write
Vi

I I,=0

= RiJrAm,AfiRo: 103 kQ2
E
I I,=0

= As R, =1 MQ

Figure 5.5 b) shows the equivalent circuit for the calculation of Z15 and Z»5. For this circuit
we have I, = I; = 0. Hence, we can write:

‘/2 = 12 Ro
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and

Finally we have,

AD)

Za

Vi

Arv ‘/2
Arv 12 Ro

i
I I,=0

Ay Ry =1 kQ
Vs
12 1,2

R, =10 kQ
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Solution of problem 5.2

Figure 5.6 a) shows the circuit for the calculation of Z,  and Z.,,,
follows:

I 1
+ +
vi| (2] v

.

&

o
I
+

¥ o
v [ Z”] vy

; ]
Vi /

i
1

5L =0

—-

I

/

Y 1)
T
v

. Zeq,, Can be determined as

Figure 5.6: a) Calculation of Z., , and Z.,, . b) Calculation of Z., , and Z.,,,. c) Equivalent

two-port circuit.

|4
€qi1 T I_l

I>=0

Since port 2 is an open-circuitthen I, = I, = I/ = 0and I; = []
Vi + V{. Therefore, we can write the last eqn as follows:
‘/1//
+ T
I4,=0 1
= 211 + Zill

Ze‘hl = I_{

/=0

In addition we have 1, = V; + V5. Therefore we can write:

Ve

€42y - I’
1

"
Yy
1"
1,=0 Il
_ / "
- 221 + Z21

1/=0

= I{'. We also have 1;

Figure 5.6 b) shows the circuit for the calculation of Z., , and Z.,,.. Z.,,, is given by:

i
Zeq12 - I_2

1, =0

Since port 1 is an open-circuitthen I; = I{ = I/ = 0and I, =
Vi =V/ +V/ and Vo = VJ + V3. Therefore, we can write:

Vi !

Ze = —_ _|_ —

qd12 Ié I{:O Iél

Zyo + Z1s

Ij'=0

I = I1J. Again we have
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and
Vs 5
Zegyy, = T + 7
2 =0 2 lry=o

= Zhy+ 24
From the above we can write

(Zeq| = [27] + [2"]
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Solution of problem 5.3

e Circuit a): Figure 5.7 a) shows the equivalent circuit for the calculation of Y7; and Ys;. For

a)

Figure 5.7: a) Calculation of Y31; and Y3;. b) Calculation of Y7, and Yas.

this circuit we can write:

and

Hence we can write:

Vilv,=o

Vilv,=o

Figure 5.7 b) shows the equivalent circuit for the calculation of Y35 and Y5,. For this circuit

we can write:
1 1
L = VW|—=—+—
2 2 <Z1 + Zg)
I, = WY1 +Y?)
and
L = Vo
Hence we can write:

Yi2 = A
21vi=0

Yoo = A
2 lvy=0

= +Y

o Circuit b): Figure 5.8 a) shows the equivalent circuit for the calculation of Y7; and Ys;. For
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a) b)

Figure 5.8: a) Calculation of Y31; and Y3;. b) Calculation of Y7, and Yas.

this circuit we can write:

I
Vilv,=o
= Y1+Y,
I
Vilv,=o
= —-Y

Figure 5.8 b) shows the equivalent circuit for the calculation of Y35 and Y5,. For this circuit
we can write:

I
Va V1=0
= -Y

Iy
|
= Y,

Yio =

Yoo =

Vi=0

e Circuit ¢): Figure 5.9 a) shows the equivalent circuit for the calculation of Y7, and Y5;. For

I

— V1

vy b

2

Vs a) 0

Figure 5.9: a) Calculation of Y71; and Y3;. b) Calculation of Y75 and Yss.

this circuit we can write:
Va—-Ve =W

VaYi4+VaYs=1
VYo —VpYy=1 (5.8)

VaYi+VeYy=1

—VaYs =VpYa =1
Solving to obtain 7; and I we get:
(Y1 +Y3) (Y2 +Ya)
L =W
Yi+Ys+Yo+ Y,
Y3V —Yo 13
Y+ Yi+ Y5+ Y

I =
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that is

(Y1 +Y3) (Yo +Ys)
Yi+Ys+Ya+Yy
oY1 -Y3Y,

Yi+Yi+Ys+Ys

Yii =

Yor =

Figure 5.9 b) shows the equivalent circuit for the calculation of Y35 and Y5,. For this circuit

we can write:
Va—-Ve =W

VaYo+VaYs =1
VY1 —VeYys=1 (5.9

VaYo+VeYs=11

—VaYs =VpYi =1;
Solving to obtain 7; and I, we get:

Y3V, -Yo 1
L = -V
Yi+Ya+Ys+Ys
_ (Y3 +Y2) (Y1 +Ya)
I, = W
Yi+Yi+Ys+ Yo
that is:
Y21 -Y3Y)
Yio =
Yi+Yi+Ys+Ys
v, (Ys +Y2) (Y1 4+ Ya)
22

Vi+Yi+Ys+Ys
Note the symmetrical results as expected.

e Circuit d): Figure 5.10 a) shows the equivalent circuit for the calculation of Y71 and Ys;. For

I I,

Figure 5.10: a) Calculation of Y7; and Y>;. b) Calculation of Y32 and Yas.

this circuit we can write:

L = Vii+Ys)
L, = -ViY;s
Hence, we can write:
I
Yi; = —
Vilv,—o
= Y1+7Y;3
I
Yoy = —
21 % Vet
= -V
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Figure 5.10 b) shows the equivalent circuit for the calculation of Y35 and Yas. For this circuit

We can write:
L = -WhY;
I, = Vo(Ya+Ys)
Hence, we can write:
I
Vi, = —
Valvizo
= -V
I
Yo = —
Valy,—o
= Yo+Y;

e Circuit e): Figure 5.11 a) shows the equivalent circuit for the calculation of Y7, and Y5;. For

L=, R;

—e

Va

Figure 5.11: Calculation of: a) Y11; b) Y5;.

this circuit we can write:
Vi = R
IQ = Az -
Hence we can write:

I
i

Va=0
= i =0.33 mS
R;
and
I
Vi
%f: =33.33 mS

Figure 5.11 b) shows the equivalent circuit for the calculation of Y35 and Yas. For this circuit
we can write:

Va=0

AT"U ‘/YQ

no= -5
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Hence we can write:

and

R, R;
I
Valy,—o
A,
™ —_3333 uS
R K
P
‘/2 Vi=0
1 Ary Ay
— =34 mS
R, + R;
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Solution of problem 5.4

Figure 5.12 a) shows the circuit for the calculation of Y.,  and Y., .

follows:

Figure 5.12: a) Calculation of Y,

two-port circuit.

Since port 2 is short-circuited V2 = Vi

(Y]

<

and Y,

€42y

I
i

V=0

and I; = I] + I{. Therefore, we can rewrite the last eqn as follows:

and Ye,,, can be determined as:

Figure 5.12 b) shows the circuit for the calculation of Y.,  and Y, ,

follows:

! 1"

I I
A "

Vl Vy=0 Vl Vy'=0
! "

Yii+ Y

Iy

Vily,—o
! 1

I I

i;7 + V7
1lvy=0 1 lvy=o

Yo + Y

I
Vs
1o
Va

Vi=0

Vi=0

. b) Calculation of Y, ,

, can be determined as

and Ye,,,. €) Equivalent

V3’ = 0. Inadditionwe have Vy =V} = V', I, = I}+ 1}

. These can be determined as
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Since port 1 is short-circuited, V; = V/ =V = 0. We also have Vo, = V) = VJ/, I, = I} + I} and

I, = I{ + Ij'. Therefore, we can rewrite the last two eqgns as follows:

Y.

€412

€422

From the above we can see that

I/ I//
=t

Vilyieo V4
= Y, +Yy

!
_!;l 4+ 22
/ /!
Valvi=o V2

= Vv

V{'=0

II/

V{'=0

Yeq] = [Y'] +[Y"]
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Solution of problem 5.5

e Circuit a): Figure 5.13 a) shows the equivalent circuit for the calculation of A;;. For this

d)

Figure 5.13: Calculation of: @) A11; b) Ais; €) Aoy; d) Aogs.

circuit we can write:

V: v 22
2 1 7o+ 74
Hence,
v
An = =
V2l1,=0
o+ 7
=~
Figure 5.13 b) shows the equivalent circuit for the calculation of A;5. For this circuit we can
write:
W = L2z
Hence,
\%
A = —
2 lv=0
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Figure 5.13 c¢) shows the equivalent circuit for the calculation of A5;. For this circuit we can

write:
Voo = L7
Hence,
I
Ay = —
21 Vs o
1
= =
Figure 5.13 d) shows the equivalent circuit for the calculation of Aso. For this circuit we can
write:
L = —I
Hence,
I
Am = —p
2 lw=0
= 1

o Circuit b): Figure 5.14 a) shows the equivalent circuit for the calculation of A;;. For this

d)

Figure 5.14: Calculation of: @) A11; b) A1s; €) Asg; d) Ags.
circuit we write:

Vi=V,
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that is:
Wi
A —
11 ‘/2 Lo
1
Figure 5.14 b) shows the equivalent circuit for the calculation of A;5. For this circuit we can
write:
Wi —12 Zo
Hence,
v
A = —
2 1lva=0
= Z

Figure 5.14 c) shows the equivalent circuit for the calculation of Ao;. For this circuit, since
I, = 0, we can write:

Vo = L7y

Hence,

V2lr,—0

Figure 5.14 d) shows the equivalent circuit for the calculation of Aso. For this circuit we can
write:
Al
L, = - ——
2 1 71+ 75

Hence,

I

—1Ip Va=0

Z1+ Zs
A

e Circuit c): Figure 5.15 a) shows the equivalent circuit for the calculation of A;;. For this
circuit we can write the following set of egns:

Vi=Va—-Vp
Iz, =1z (5.10)
IZl = IZ4
that is
Vi=Va—-Vp
Va—-Vo _Vo—-Vp
. 2 (5.11)
Va Ve
Z1 T 4y
Solving to obtain V; we get
Zo+ Z3) (Z1+ Z
v o= ‘/2(2+ 3) (Z1 + Z4)

Zo 71 — Z3 Za
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Figure 5.15: Calculation of: @) A11; b) A1s; €) Asg; d) Ags.

that is:
i
Va I,=0

(Zy + Z3) (Z1 + Z4)
Zo 71 — Z3 Za

Figure 5.15 b) shows the equivalent circuit for the calculation of A,5. For this circuit we can
write the following set of egns:

Vi=Va—-Vp
Iz, — 1z, =1, (5.12)

Iz, — Iz, =—1
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that is
Vi=Va-Vg

Va Ve _ g

Ty T2 T T (5.13)

VB _Va_ _
7y~ —

Solving to obtain V; we get
Ly L3 Zy+ Zy Zg 2o + 21 Ly Ly + Z3 Ly Zo

=1
te A
that is:
v
A = —
2 lw=0
L1 Z3Zy+ I L3 Lo+ 2y Zy Ly + L3 Ly Zo
o Zo 2y — Z3 7
Figure 5.15 c¢) shows the equivalent circuit for the calculation of A5;. For this circuit we can
write:
L =1z,+4+1z
I =1z,+1z, (5.14)
Iz, =1z
that is VieVo v
_va—-Vo V4
Il - Z3 + Zl
_W-Vg Vi
I = Z 7 (5.15)

Va—-Vo _Vo—-Vp
Zs s
Solving to obtain I; we get

W+ Zy+ 2o+ Zs

L=V
A A

and

I

Valr,o

W+ Zys+Zy+ Z3
ZoZ — Z3 Zy

Figure 5.15 d) shows the equivalent circuit for the calculation of Aso. For this circuit we can
write:

L =1z,+4+1z
I=1Iy, + 1z, (5.16)

Iy =1y, — Iy,

that is v v
_ VA A
Il - Z3 +

_—Ve VB
L=—B_ 3 (5.17)

7. Va VB
L=#+7
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Solving to obtain 7; we can write

(Z1+ Z3)(Zs + Zo)

I =1
YT 2 — T 2y
and finally,

I

An = L
2 lw=0

_ (Z1+ Z3)(Zs + Z3)
o Jy — L3 Ly

e Circuit d): Figure 5.16 a) shows the equivalent circuit for the calculation of A;;. For this

Figure 5.16: Calculation of: @) A11; b) Ais; C) Aay; d) Ags.

circuit we can write:

Zo
Vo=V 7ot Za
that is
A4y = 4
‘/2 I>=0
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Zs
Zoy + Zs

Figure 5.16 b) shows the equivalent circuit for the calculation of A;5. For this circuit we can

write:
Vi = —-I,Z;
that is:
Vi
A = —
2 lv=0

Figure 5.16 c) shows the equivalent circuit for the calculation of A5;. For this circuit we can
write:
Zy 7
Vo = [ —FF———
2 Y20+ 7o+ Zs

that is:
I

Valr,—o
Zy+ Zy + Z3
Za Zy

A21 =

Figure 5.16 d) shows the equivalent circuit for the calculation of Aso. For this circuit we can

write:
Al

I, = I -2t
2 Y70+ Zs

that is
I

—1I Vo=0
Z1+ 73
Z1
Circuit €): Figure 5.17 a) shows the equivalent circuit for the calculation of Ay;. For this

circuit we can write:

Vo = ApLLR,
*Arv
hep - BiAa

Hence we can write V5 as follows:
Vi— A,V
Vo = ApR, 1T12

that is
Afi Ro
V, = B— St
? 1Ri+ArvAfiRo
and
1%
A - 1
11 i -

A -1
— fl—RO =0.1
Ri + Arv Afz Ro

Moura and Darwazeh
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Vo=Vo=0

d)

Figure 5.17: Calculation of: @) A11; b) A1s; €) Asg; d) Ags.

Figure 5.17 b) shows the equivalent circuit for the calculation of A,;. Note that since V, =
V2 = 0, the voltage controlled-current source is replaced by a short-circuit. For this circuit we

can write:
—[2 = Afz Iz
i
f R;
that is
Vi
Aw =
2 lw=0
R;
= =30 Q
Ay
Figure 5.17 c¢) shows the equivalent circuit for the calculation of A5;. For this circuit we can
write:
Vo = A LR,
and
I
Ay = —
Va I,=0
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= (AR, '=1uS

Figure 5.17 c) shows the equivalent circuit for the calculation of A5;. For this circuit we can

write:
I
il ~
12 ly,=0
= 1 =0.01
= yp =0.
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Solution of problem 5.6

The chain parameters for each two port circuit of figure 5.18 satisfy the following egns:

Vi = AL Vi-ALT (5.18)
I = ApV;—Anl (5.19)
and
Vo= ALV - AL T (5.20)
I = AV -1 (521)

Figure 5.18 a) shows the circuit for the calculation of A., , which is given by

A, = 4

edyy v (5.22)

I>=0

Using eqn 5.18 and since V; = V{, Vy = V', Vo = V3" and I, = —1I} we can write eqn 5.22 as
follows:

VI/ I/I
/ 1 / 1
Acq, Ay v + Ay v (5.23)
2 l1y=0 2 l1y=o0

that is:

h=1 Lo =13

Vi == e =3
1% [ A/] v vy [ A”] vy

=1 I L=1y
= e =
@ ol (vl e
d)
. L
e +
vlarxma | ow

Figure 5.18: a) Calculation of A.,, . b) Calculation of Y¢,, . c) Calculation of Y, ,. d) Y,,,. €)
Equivalent two-port circuit.

A = AI11 AI1/1 + AI12 Alzll

€411

Figure 5.18 b) shows the circuit for the calculation of A., , which is given by

%
Aeq,, = — (5.24)
I Vo=0
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Using again the result of eqn 5.18 and since V1 = V/, Vi = V", Vo = VJ/ = 0and I}, = —I{ we
can write eqn 5.24 as follows:

"

I
+ A, —

Aeg,, = Ay —L e

€412

V3'=0
= Ay Al + Ay AY,
Figure 5.18 c) shows the circuit for the calculation of A.,_ . which is given by

€421

I
Ae(lzl = 72

(5.25)
I>=0

Using theresult of eqn 5.19 and since V; = V/, I = I{, Vo = V", I, = I/ = 0and I}, = —I{ we
can write eqn 5.25 as follows:

Vi
— [ /71

AGQm - A21 VI +A22 Vv
2 l1y=0 2

= Ay A} + Ay AY)

1y/=0

Figure 5.18 d) shows the circuit for the calculation of A.,_, which is given by

A, = I

€422 _12 (526)

V=0

Using the result of eqn 5.19 and since Vi = V{, I = I, Vo = V", Vo =V =0and I, = -1}
we can write eqn 5.26 as follows:

1// I//
Ael]22 Al21 T + Al22 —1//
= Ay Ay + Ay Ay
From the above we get:
[Aeq) = [A7] x [A”] (5.27)
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Solution of problem 5.7

thatis [Y] = [Z] L.
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Solution of problem 5.8

]1 ]2 I] ]2
Yy Yy
Jr
A% Vo=0 Vi=0
a) b)

Figure 5.19: a) Calculation of Y7; and Y5;. b) Calculation of Y32 and Yas.

Figure 5.19 a) shows the equivalent circuit for the calculation of Y3, and Y5,

Y1 =

I
Vi
Yy
I
Vi V=0

Va=0

Figure 5.19 b) shows the equivalent circuit for the calculation of Y75 and Ya,

Yio =

I
Valvi—o
—Y;

I
Va
Yy

Vi=0
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Solution of problem 5.9

,,,,,,,,,,,,,,, |

o I I |
I =0 1
: ljil Y. l 3 T/
LY vl
i E
R 0.1, B

L, I Lk
1 ‘o
| l T
Uy, L
,,,,,,,,,,,,,,,,,, o

Figure 5.20: a) Calculation of Yy, and Yas,, . b) Calculation of Y, and Ya,, .

Figure 5.20 a) shows the equivalent circuit for the calculation of Yi,,, and Yas,,. Yar,, is given by;

I

Vily,—o

L+

Vi lv,—o
i

YIWM

Va=0
I
L +Y
Vily,—o

= Y, +N

Y, 1S given by;

I
i
é
Vi V=0
= Y,, =0

YM21 =
Vo=0

Figure 5.20 b) shows the equivalent circuit for the calculation of Ya,, and Yar,,. Yas,, iS given by;

I

Y
M2 ‘/2

Vi=0
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I
Vo

Vo=0
a1
Y, 1S given by;

I
Y, = 722

Vi=0
I, + 1Y

V2 o
= Yazz +Y;

Since Y =Yy(1—A,)and Yo =Yy — ’7(5 we can write [Yy, | as indicated below:

Yo, +Yr(1-A4,) 0
(Y] = (5.28)
Y, Yazz + Yf - %

az21
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Solution of problem 5.10
The chain parameters can be defined by the set of egns indicated below:
Vi=An Ve — Al
(5.29)
I = Ay Vo — Axa I
while the Y parameters can be defined by the following set of egns:
L=Y1Vi+Y2Vs
(5.30)
L =Y Vi + Yo Vs
Solving the first egn of 5.29 in order to obtain I, we have:
-1 An
I, = —WVi+-—V; 5.31
2 A 1+ A 2 ( )
Using the expression for I, given by this last eqn, on the second egn of 5.29 we obtain:
= —A _ 211
L A Vo 22 <A12 i+ 10 V2>
Ago Ags A1y
= = Agy — ——— | & 5.32
A12V1+( 21 1L ) p) (5.32)

Comparing egns 5.31 and 5.32 with the set of egns defined by 5.30 we can write:

Ao
y,, = 222
11 1
Ao A
Yio = (A21—%)
12
-1
Yo = —
21 1,
An
Yy, = 21
22 10
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Solution of problem 5.11

e Circuit a):

9m Vi

Vo=V2=0

Figure 5.21: Calculation of: a) Z11 and As; ; b) Yas; €) A1q; d) Ags; €) Ags.

1. The input impedance (I, = 0) corresponds to Z;;. Figure 5.21 a) shows the equivalent

circuit for the calculation of Z;;.

AT

i
I
R;
2.5 kQ

I>=0

2. The output impedance (Vi = 0) corresponds to (Ya)~!. Figure 5.21 b) shows the

equivalent circuit for the calculation of Yao

Yoo =

I
Vs
1

R,

Vi=0
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Thus, the output impedance is R, = 10 k2.

3. The voltage gain V,/V; (I, = 0) corresponds to (A1)~ !. Figure 5.21 c) shows the
equivalent circuit for the calculation of A1,

V1
Valr,=o
%1
—9m ‘/1 Ro
1
—9m Ro

All =

Thus, the voltage gain is —g,, R, = —400.

4. The current gain 1,,/I, (V, = 0) corresponds to —(Ags)~!. Figure 5.21 d) shows the
equivalent circuit for the calculation of Ass.

I

—1Ip Vo=0

Vi
R;

—dm Vl
1

—9m Ri

A22 =

Thus, the current gain is g,,, R; = 100.

5. The transimpedance gain V, /I (V,, = 0) corresponds to (As;) 1. Figure 5.21 a) shows
the equivalent circuit for the calculation of As;.

I
Valr,—o

i
R;

—9m ‘/1 Ro
1
—9m Rz Ro

A21 =

The transimpedance gain is —g.,, R; R, = —1 MQ.

6. The transconductance gain I,/V, (V, = 0) corresponds to —(A;2)~t. Figure 5.21 €)
shows the equivalent circuit for the calculation of A;s.

Wi
—1I3 V=0
Wi

—dm Vl
1

—9m

A12 =

The transconductance gain is g,,, = 40 mS.
e Circuit b):

1. The input impedance (I, = 0) corresponds to Z;;. Figure 5.22 a) shows the equivalent
circuit for the calculation of Z;,. For this circuit we can write:
Vi

Il - E_gmv;

_ LR

R;

Introduction to linear circuit analysis and modelling Moura and Darwazeh



5. Electrical two-port network analysis 112

I, I,=I,=0
I + - +
! Im Vi A,
Vi Vi Vi
R,
_ n _
a)
I,=1 =1
- +
g Vi n Ve
R Vi= Ve
LT
V.=V =0 b) 7 — 0o
I,=1 I,=0L=0
Vi + - T
! g?” V H
Vs Vi Vo=V
R;
_ . _
)
I I, =1
[+ -
] G Vi R,
1% Vi V,=Vs=0
R;
- +

vl ot -
m ‘/7
g R,
Vi Vi V,=1=0
R;
- +

Figure 5.22: Calculation of: a) Z11 and Aoy ; b) Yaso; €) A11; d) Aso; €) Ao,

E

I I=0
R;

14 gm R;

= 24.8 Q)

Z11 =

2. The output impedance (Vi = 0) corresponds to (Ya)~!. Figure 5.22 b) shows the
equivalent circuit for the calculation of Yas.

I
Valvizo
1

R,

Yoo =

Thus, the output impedance is R, = 10 k2.
3. The voltage gain V, /V; (I, = 0) corresponds to (A1)~ !. Figure 5.22 c) shows the
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equivalent circuit for the calculation of Ay;.

Ay = 4

Thus, the voltage gain is g,, R, = 400.

4. The current gain 1,,/I, (V, = 0) corresponds to —(Ag,)~!. Figure 5.22 d) shows the
equivalent circuit for the calculation of Ass.

I
An = —p
2 v=0
% - gm‘/;
_gmv;
174 1+gm Ri

9m Vl
1+ gm R;
Im R;

Thus, the current gain is —0.99.

5. The transimpedance gain V, /I, (V,, = 0) corresponds to (As;) L. Figure 5.22 a) shows
the equivalent circuit for the calculation of As;.

L
‘/2 I>=0
174 1+g7ﬁ, R;

— Ri
gm V1 Ro
1+ gm R;
ngz Ro

The transimpedance gain is 9.9 kQ.

6. The transconductance gain 1,,/V; (V, = 0) corresponds to —(A;2)~!. Figure 5.22 e)
shows the equivalent circuit for the calculation of A;s.

s
12|y, -0
Vi

9m Vl
1

gm

A12 =

The transconductance gain is —g,,, = —40 mS.
e Circuit ¢):

1. The input impedance (I, = 0) corresponds to Z;;. Figure 5.23 a) shows the equivalent
circuit for the calculation of Z;,. For this circuit we can write:

Vi
Il == E
Vi
‘/2 = Rox<gm‘/z+E>
i = Vi+V,
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Vo=V2=10

Figure 5.23: Calculation of: a) Z11 and Aoy ; b) Yoo C) A1 d) Aoa; E) Aqs.

and
%

I I,=0
= Ri+Ro(1+ngi)
= 1.013 MQ

2. The output impedance (V; = 0) corresponds to (Y22)~!. Figure 5.23 b) shows the
equivalent circuit for the calculation of Yas.

I

‘/2 Vi=0

gm Vo + H +
Vo

gm Ro R + Ro + R;
R, R;

Yoo =

Thus, the output impedance is 24.7 2.
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3. The voltage gain V,,/V; (I, = 0) corresponds to (A;;)~*. Figure 5.23 c) shows the
equivalent circuit for the calculation of Ay;.

Y

V2 I>=0

Vi+ Vo
Vo

Vit Rox (gmVi+ )
Ry x (gm Vi + %)

Ri + Ry (14 gm Ri)
Ro (14 gm Ri)

All =

Thus, the voltage gain is 0.998.

4. The current gain I, /I (V, = 0) corresponds to —(A22)~t. Figure 5.23 d) shows the
equivalent circuit for the calculation of Ass.

I

—1Ip Vo=0
Vi
R;

Im Vi + 7
1
1+ gm Ri

A22 =

Thus, the current gain is —101.

5. The transimpedance gain V,, /I (V,, = 0) corresponds to (A1)~ 1. Figure 5.23 a) shows
the equivalent circuit for the calculation of As;.

I

A =
21 Va

I>=0
Vi
R;

Ry x (gm Vi + )
1
Ro (1 +ng1)

The transimpedance gain is 1.01 MQ.

6. The transconductance gain I,/Vs (V, = 0) corresponds to —(A;2)~!. Figure 5.23 €)
shows the equivalent circuit for the calculation of A;s.

%

I V=0
Vi

gm Vi + &+
R;

gm Ri + 1

A12 =

The transconductance gain is —40.4 mS.
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Solution of problem 5.12

AAAA
BAAAAL
Ry
+ R L
Vi >

Figure 5.24: a) Two-port network a) application of Miller’s theorem.

The two-port network « indicated in figure 5.24 a) (not including R and Ry) can be characterised
by an admittance representation given by

1
Y = &
= 0.2 mS
Yo = 0
}/21 = Jm
= 40 mS
1
Yoo = R,
= 0.2 mS

andY; = 1/Ry = 0.02 mS. Since |Ya1| >> |Y¥| and |Ya2| >> |Y7}| we can write:

Vs,
A, = —
“ Vi
—Yo
Yoo
= =200

Figure 5.24 b) shows the circuit resulting from the application of Miller’s theorem. The input
impedance and the voltage gain V,/V, can be obtained assuming that a voltage source V is ap-
plied to the circuit. The input impedance R;,, is given by:

Vs
Ry
- Rs Rz
+ |:1 - A'Ua || :|
= 3094 Q
In order to calculate the voltage gain we can write
Ry A,
Vo = —guti [RAe )
and
R
[ 11 ]

e R+ R
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The voltage gain can be obtained as follows

R
[ 1l R

g = Vo _ Vo Vi
Vo v v T
RfAva
- [Aval”&}x[
= 1224

R
ol Ri] + R,
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Solution of problem 5.13

Two-port circuit f

'
[

Figure 5.25: Two-port network

Figure 5.25 shows the circuit of the previous problem as an interconnection of two-ports. The two-
port networks a and f can be characterised by admittance parameters as follows:

-1 0
R;
[Yo] = (5.33)
L 9n 7o
— L ;1 -
Ry Ry
Yy] = » X (5.34)
L & & J

The parallel connection of the two-port network « with the two-port network f is given by the
sum of [Yg] with [Y7] that is

mtE m
Yais] = (5.35)

1 1 1
9m~®", " T RS

Converting [Y,+ r] to a chain representation we get:

Rf+Ro Rf
R, (1_gm Rf) 1—gm Rf
[Aats] = (5.36)
Ri+Ro+Ri(1+gm Ro) Ry+R;
R; R, (179711 Rf) R; (1*9771 Rf)

The two-port networks s can be characterised by a chain representation as follows:
1 Rs
[As] = (5.37)
0 1
The two-port network can be characterised by an equivalent chain representation given by:

[Aeq) = [As] X [Aarty]

The voltage gain can now be obtained as follows:

Ay =
AGQH

—125.8
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and the input impedance can be obtained (see table in appendix C) as follows:

/1€Q11

Rin = Zeq, = 1

€421

= 329 Q

Comparing these values with those obtained in the previous problem we conclude that the application
of Miller’s theorem introduces an error of about 6% in the calculation of the input impedance and an
error of 2.8% in the calculation of the voltage gain. These errors are relatively small and it should
be noticed that the application of Miller’s theorem leads to simpler calculations.
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Chapter 6

Basic electronic amplifier building
blocks

Solution of problem 6.1

The gain of a non-inverter amplifier is

Ry
A, = 2244
R1+

For a gain of 20 we have that R; = 19 R;. Choosing R; = 1 k(2 we obtain Ry = 19 k(2.

Ry

Ry

Figure 6.1: Non-inverter amplifier.
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Solution of problem 6.2

The voltage gain is

g = T
R
= =5
The input impedance is R, = 1 k€.
Ry
R
US

- [j+

Figure 6.2: Inverting amplifier.
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Solution of problem 6.3

This circuit can be implemented with an inverting amplifier with R, = R;. We can choose Ry =
R =1kQ.

R,

Figure 6.3: Inverting amplifier.
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Solution of problem 6.4

Figure 6.4 shows the circuit designed with R = 1 k2. Note that v/, = —(vi1 + vi2 + v43), Since
all resistances are equal. The second op-amp with two equal resistances, also chosen as R = 1 k€2,
implements an amplifier with a voltage gain of —1 such that v, = —v) = v;1 + vi2 + vi3.

AAAA R
BAAAAL R AAAA
R vyyy

- R
AAAA— _
yvvy

+ v H

p— + Vo

Figure 6.4: Adder amplifier.
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Solution of problem 6.5

Ry 2R3+ Ry
Vo — Rl X R4 (Usb Usa)
= 3 (Usb - Usa)

Figure 6.5: Instrumentation amplifier.
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Solution of problem 6.6

Figure 6.6: a) Common-emitter small-signal equivalent amplifier for the mid and high-frequency
ranges. b) Equivalent representation.

Figure 6.6 b) shows the common-emitter small-signal equivalent amplifier for the mid and high-
frequency ranges. Using the nodal analysis method we can write:

(Vs —vr)Ys = V(Yr+jwCr)+ (vr —vo)jwCy (6.1)
. Vo
(Vr —0o)jwCy = gmUr+ A (6.2)
L
with
S
S RB Tr
1
Y, = —
R,
R/L = Rr||Re

Equation 6.1 can be rewritten as follows:

vsYs = (Yl +jwCr)+ (vr —v0)jwC, (6.3)
with
1 1 1
Y = —
g RS+RB+T7I'

Solving the set of egns given by 6.2 and 6.3 to obtain the voltage transfer function, v, /vs, we get:

Y R/L (J wcu — Gm)

A, =
YI(1+jwR,Cp) + jwlCr + Cu(l + gmRy)] — w2 CuCx R,

Introduction to linear circuit analysis and modelling Moura and Darwazeh



6. Basic electronic amplifier building blocks 126

Vo
9m Un R

Vo

lgm UW:: égﬁ RL%
N

vy
Cp12s~ 0,

nA 1

Solution of problem 6.7

b) Z — oo
Figure 6.7: Calculation of the high-frequency time constants.

Figure 6.7 a) shows the equivalent circuit to calculate the equivalent resistance at the terminals of
Cr+C, (14 gm R). Note that the voltage source v; is replaced by a short-circuit. From this circuit
it is clear that this resistance is

Re,, = Rs||Rp||rr

Figure 6.7 b) shows the equivalent circuit to calculate the equivalent resistance at the terminals of
C,,. Again the voltage source v, is replaced by a short-circuit. Since v, = 0 the voltage controlled
current source is effectively an open-circuit. Hence, we have:

Re(h - RL
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Solution of problem 6.8
The current gain is given by:

'L_( -~ Im Tr
iv  1+jw(C,+Cr)re

wr = 27 fr is the frequency for which the current gain is unity,

el = 1(0dB)
that is:
ImTn —
VI+ @r (G + Cr) 12)?
< 1+ T72r (CH + Cﬂ')2w% = (gm rﬂ')Q
2 (gm TW)Q -1
T T 2 (Gt G
Since g, rr >> 1 we can write:
w ~ Im Tr
T e (Cu+ Cy)
- _9m
Cu,+Cx
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Solution of problem 6.9

Figure 6.8 shows the equivalent circuit for the calculation of the f for FETSs. For this circuit we can

Figure 6.8: Calculation of the fr for FETS.

write:
ig = JjwCgsvgs +jwCyqvgs
id = GgmUgs — Jw Cyqgs

Note that the voltage across Cq is vys. This is because the drain is short-circuited to the source.
Solving this set of eqns we obtain:

i_d gm — Jw ng
id Jw (ng + CgS)

For the range of frequencies for which this model is valid we have that g,,, >> w Cgyq. Hence, we
can write:

e Gm
id Jw (ng + CgS)

and the frequency wr = 2 7 fr for which we have:

Ml
id
is
P
ng + Cgs
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Solution of problem 6.10

e DC analysis: Figure 6.9 shows the equivalent circuit for DC analysis. Since the gate current

Rp

v
Vp
Vg

Veeo
Ry
Ry

i

Figure 6.9: Circuit for DC analysis.

is zero we can write:

(6.4)

(6.5)

Ry
Vo = Voo=——
e] CC R T Ry
= 2V
Assuming that the transistor operates in the saturation region, the drain (and the source) current
is given by
1., W 2
Ip = <kn— —
D 5 kn T (Vas — Vrn)
and Vs can be written as
Ves = Vo —Vs
= Vo—RslIp
Now eqn 6.4 can be written as
1, W
In = ko (Vo= RsIp— V)’

Solving we obtain

Ip=15mA and Vgs=185V

or

Ip =685 MA and Vgs=-49 V

(6.6)
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Clearly, the second pair of solutions is not valid since Vs < V. Hence we have Ip = 1.5
mA and Vg = 1.85 V. Note that Vpg = 5.8 V is greater than Vs — Vi, = 0.85 V. Thus,
the FET operates in the saturation region as assumed previously.

e Mid frequency range AC analysis: Figure 6.10 shows the equivalent circuit for AC analysis.

7ol | Re||Rp

Figure 6.10: Circuit for AC analysis.

We can write the voltage gain as

A, = =
s
_ Yo U
Ugs Vs
Rg
= - RL||Rp) —%—
gm(TOH L|| D) RG+R5

with Rg = Ry ||Ry = 16 kKQ. g,,, and r, are given by

21p
gm Vas — Vrn
= 3.5 mAV
To = E
= 53k

Hence, the voltage gain is calculated to be —7.7.

o Low-frequency cut-off frequency: Figure 6.11 shows the equivalent circuit for the calculation
of the time constants associated with each DC blocking (AC coupling) and by-pass capacitor
using the short-circuit time constants method. Figure 6.11 a) shows the equivalent circuit for
the calculation of the time constant associated with C; where we replace C by a test voltage
source in order to calculate equivalent resistance, R.4., seen by this capacitor. Note that all
remaining capacitors are replaced by short-circuits and the voltage source is replaced by a
short-circuit. From this figure it clear that R, is

Rqu = R;+ Rg
16.1 kQ

Figure 6.11 b) shows the equivalent circuit for the calculation of the time constant associated

with Cs. Since there is no current flowing through R, and Rg we have vy = —v; and we
can write:
Vo Vo — V¢
R_/L —TO —dmUt = 0 (67)
Uo*vtigmvt = X (6.8)
To RS

with R} = Rp||Ry. Solving these eqns in order to obtain v, /it we get:

Ut
RGQS = =

it
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(s

R Im U, gs
S

R¢ Ygs l 7ol | Re||Rp

2)

Vg

9m Vgs

Ri||Rp

Rs

9m Ugs

-

‘Z—>OO

RL||Rp

Figure 6.11: Calculation of time constants.

Rs (’I“O +R/L)
RS(gmr0+1) +7"04’RIL
= 746 Q

Figure 6.11 c) shows the equivalent circuit for the calculation of the time constant associated
with Cr. Since vy, = 0 and we can write:

Ut
R. —
4L it
= 1o||RL||RD
= 22 kQ
and fr, is given by:
5o L LS S |
b 27 \Rege € Regs Cs | Reg, CL
= 287.7T Hz
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o High-frequency cut-off frequency: Figure 6.12 a) shows the equivalent circuit for the high-
frequency range. By applying Miller’s theorem to C'y4 we obtain the circuit of figure 6.12 b)

1
RL

\

Cgs + Cg(l (1 - A;) T C!](] %/’—1
b)

= =

Figure 6.12: a) Equivalent circuit for the high-frequency range. b) Application of Miller’s theorem
to ng.

where A/ is the gain between the gate and the drain;

A= 2
Vgs
_ng/I{
—-7.7

with R} = R’ || r,. The two time constants are:

71 = (Rl|Rs)[Cys + Cya (14 gim R)]
= 3.7 ns
gm R
Ty — R// C g —= L
EE9Y T 4 g RY
= 3.9ns

The cut-off frequency is

1
fu = 27 (11 + T2)
= 20.9 MHz

Hence, the bandwidth is f — fr ~ fg = 20.9 MHz.
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Solution of problem 6.11

e DC analysis: Figure 6.13 shows the equivalent circuit for DC analysis. Neglecting the base

Voo (10V)

Ry

1

Figure 6.13: Equivalent circuit for DC analysis.

current (I ~ 0) we can write:

Ry
VB = V,
P ““Ry+ Ry
= 5V
and
Ve = Vg—-07
43V
The emitter current is
Vi
T = =
E Ry
= 1 mA

The collector current is approximately equal to /.

e AC analysis (mid-range): The transistor transconductance is

I
gm = = (Vr~25mV)
Vr
= 40 mS
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and r is

g

T = —
gm
= 5 kQ

Figure 6.14 shows the equivalent circuit for the mid-frequency range AC analysis. The current

p T'r ) e

Figure 6.14: a) Equivalent circuit for mid-frequency range AC analysis. b) Equivalent circuit for the
calculation of Z;,,,, .

gain is given by

1o ie ib
X — X —
le 1p 1g
the partial gains i, /4. and i, /i, can be obtained from the resistive current divider expression
while i, = (8 + 1) i. Thus, we can write:

REg R,
L CR Relrarey
where R, = R,||Ry||R2 = 5 kQ. Z;,,, can be calculated by applying first a test voltage, v,
to the relevant part of the circuit as illustrated in figure 6.14 b). From this circuit we can write.

U

(6.9)

1y =
T'r

and

v = Up+ Z.e (REHRL)
U
= Up+ <r— + 9m vw) (Re||RL)
Thus we have
Zina — ﬂ
147
= rz+ (gm Tr + 1) (REHRL)
= =+ (8+1) (RellRL)
= 676.7 kQ

Now the current gain can be calculated using eqn 6.9, that is, A; = 0.33.
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e AC analysis (low-frequency range): Figure 6.15 a) shows the equivalent circuit for the calcu-

R; Ut

c)
Figure 6.15: Calculation of time constants. Low-frequency range.

lation of the equivalent resistance seen by C's where C'p is replaced by a test voltage v;. From
this circuit we can write

Rqu = Rs+(RB||Zina>
19.9k2

with R = R;||Re. Figure 6.15 b) shows the equivalent circuit for the calculation of the
equivalent resistance seen by Cg;

Reqy = Rp+(RgllZo,)

where Z,,, can be obtained from the circuit of figure 6.15 c). We can write:

T'r

Up = —V¢—7
rr + R

and
(%7

rr + R
T Ut

rw—i—R’SJrrw—l—R’s

1 = —9m Ur +

= gm Ut

Now Z,, can be obtained as follows:
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e+ R,
gm T +1
Tz + R,
g+1
= 498 Q

and R.,,, is approximately equal to Ry, = 15 k2. The cut-off frequency is:

P L,
L= 21 Rqu CE‘ Rqu CB
2.7 Hz

e AC analysis (high-frequency range): Figure 6.16 a) shows the equivalent circuit at the high-

J + U - 9m VUn

Rp VR,

Figure 6.16: a) High-frequency equivalent circuit b) Calculation of time constant associated with
C'. ¢) Calculation of time constant associated with C',.

frequency regime. Figure 6.16 b) shows the equivalent circuit for the calculation of the resis-
tance seen by C,, where, according to the open-circuit time-constants method, 4, is replaced
by an open-circuit and C'; is also replaced by an open-circuit. R, is:

Re‘]u = R;”Z’Lna
= 5.0 kQ

Figure 6.16 c) shows the equivalent circuit for the calculation of the resistance seen by C.
Again, i, is replaced by an open-circuit and C'; is also replaced by an open-circuit. For this
circuit we can write:

Ut Up

rr Rl

1 =
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But vy is

T'r

v
vp = v + <_t+gmvt> R},

Hence we have:

V¢ V¢ tu, <1+gm7’ﬂ—> R/L

“ T TR T R
Finally,
(%7
Re =
qm it
rx R,
I e
= 369 Q
The cut-off frequency is:
o= o :
7 27 \Req, Cu + Reg, Cx
= 10.2 MHz

and the bandwidth is fir — fr ~ fu.
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Solution of problem 6.12

Vi ~VIa = 5k

IdSQ = IQ - Idsl

and

Substituting 1,45, , given by the last egn, in egn 6.10 we can write:

\/ Idsl \/ IQ Idsl ~/

Squaring both parts of the last eqn we get:

1 W
Iinknfvg = 24/lus, (Ig — ILus,)

After squaring again we can write:

1 W L)\
41351—41d811Q+(IQ—Eknfvf) —

solving to obtain 7, we get':

I 1 |, 1w \?
Ias, = ?+§\/IQ<IQ —ky —02)

I N 24k
= —Qﬂ/[Qk — =4/1- /
2
I L 24k
Iy, = = - \/IQk: /

Using egn 6.11 we have

(6.10)

(6.11)

(6.12)

(6.13)

INote that the other solution for I, isnot valid since I, increases with the increase of ;!
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Solution of problem 6.13

Figure 6.17 shows the equivalent circuit for DC analysis. Assuming that all transistors operate in the

Vbp (5V)

—Vss
Figure 6.17: Equivalent circuit for DC analysis.

saturation region we can write:

1 w
IQ = 5 kn f (VGS4 - VTIL)2
Ves, = Vo —Vss
Ve = —IoRs
that is:
1. W, I
Ip = Shp— (=22 — Vs —
Q 2k‘ L( R, Vss — Virn)

Solving we obtain
IQ =1 mA and VGS4 =2V

or (6.14)

IQ =1.8 mA and VGS4 =-04V

The second solution is not valid since Vs, < Vrp,. The current that flows through Qs is I and
Vas, = Vas,. The current that biases @1 and Q2 is Ig/2 and Vs, = Vs, = 1.71 V. Note that
all transistors operate in the saturation regime as assumed initially.
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The voltage gain is

A, = gm(RDHTO)
2
Ig 2VA)
= @ (pp| &
2(Vas, — Vrn) ( ol Ig
= 4.1
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Solution of problem 6.14

+ /UgS:i
gml UQSJ

Vds,

T01HR

Vgs) = Ugs,

Gms Ugs,

3 UVt

Figure 6.18: Small-signal equivalent circuit for the current mirror.

Figure 6.18 shows the small-signal equivalent circuit for the current mirror where we apply a test
voltage source v;. The output resistance is given by

For this circuit we can write:
1t
1

Ugss

Assuming that all three transistors are equal we have r,, = 7,, = roy = 7o and gm,

g’ms = gm

Ro = ﬂ
123
Vg — U
s Vgsy + ——22 (6.15)
Tog
Vgs
Gy Vgsy + == (6.16)
Too
Vds,; — Ugsg
_(rol ||R) 9mqVgs; — Ugss (6.17)
= gm2 =

Solving the set of eqns 6.15-6.17 to obtain v, /i; we get:

R,

= )

2 (gm To + 1) +972n To (r0||R)
ImTo +1

Assuming that g,,, 7, >> 1 and that r, << R we can write the last eqn as follows:

R,

-~ 95 gmTo T+ 2
~ dm TO —_—
Im7To
~1
2
~ gm TO
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Chapter 7

RF circuit analysis techniques

Solution of problem 7.1

V(kAz) & oW —juiss

V([k’ — 1}A3’J) /é — w2 L2§12 +ij§x

\/(é _ wQL;ArZ)Q + W2L2 A2 (é _ wQLiAxZ)
L

c

/L w2 L2Az?

L _ w’L2Aa?
C 2

X

exp | —jtan™

We increase the number of sections, N — oo, and decrease the length of each section, Az — 0, in
such a way that the product [ = Ax N is kept constant. Hence, we have:

lim kAx = =z

k— oo
Axz—0

where 2 is now a continuous variable representing the physical length. H(f, x) can be written as:

VkAz) \"
lim H(f,kA = i —_—
KLDQO (f,k Az) T (V([k —1]Az)
x—0 Axz—0
L\2
= lim (6)
Az—0 C
wLAx é — ‘”2L2AIZ
x  lim exp |—jtan™! k
ks 0o L _ w2?2L2Ax?
Az—0 C 2
wLAx\/ L — «2L>Ax
= 1x lim exp |—jtan™! < = k
k=00 L _ w?L?Ax?
Az—0 C 2
Expanding the arc-tangent in a series as follows:
1
tan"'(a) = a-— 5043 — 240 + ...

with

/L w2L2Az2

L _ w’L2Aa?
C 2

a =
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then, the only term of the series, multiplied by &, that does not vanish when & — oo and Az — 0 is

the first one, that is,

/L 2L2Ag?

. . 1 wLAz c - 4 - . \/_
}LIEIC exp |—7jtan AN k| = exp|—jwVLCx
Az—0 c 2
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Solution of problem 7.2

The current in a particular section of the line k& Ax can be written as

I(kAz) = %LA@
_ ( V(kAz) )’“ v (0)
V([k — 1]Ax) Zr
_ V(kAx) * V(0)
R <V<[’<f—1lm>) JWLAT + [ L — w2L2as2

Taking the limits N — oo and Az — 0 and using the results of the previous problem we have:

e—jw\/LCI
I(z) = S

Qlt
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Solution of problem 7.3

V(d)
Zin(d) = Td)
_ AT
1-T(d)
_ Z1+I‘Oe*2jﬁd
1 -T,e2ipd
Lt ez e P

°1 _ Zr=Zs ,—2j8d
I =57 ¢

= Z,

(Zr+ Z,) el Pd+ (2 — Z,) e P4

e—iBd

(
(ZL+ZO)ej5d—(ZL—Z0)e_j5d
)

Zy, (e84 4 ¢=3Bd) 4 7, (184 — =3B d)

o—ipd

© Z,(e7Pd  e=iBdy 4 71 (eiFd —e=ifd)
Zy, cos(Bd) 4+ j Z, sin(Bd)
°Z, cos(Bd) +j Z1, sin(Bd)

71+ 77, tan(f d)

OZO + 37 tan(ﬁd)
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Solution of problem 7.4
The characteristic impedance is
L
Zy, = (/=
C
= 742 Q
For w = 27 300 rad/s we have:
8 = wVvLC
1.4 x 107" rad/m
and
Z1, + j Z, tan(B1)
Zin d=1 = o .
( ) Zo~+ j Z1, tan(B1)
= 25+50.01 Q
In other words, the line impedance barely affects the input impedance making Z;,,(d = 1) ~ Zy.

Forw = 275 x 108 rad/s we have:

8 = wVvLC
23.3 rad/m
and

Z1 + j Zo tan(B1)
°Z,+j Zy, tan(B1)
— 137547963 Q

Zin(d=1) =

At this high frequency the input impedance is greatly changed with respect to the load impedance.
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i\Zm(al)/Zn\ £ Zin(d) (rad)

gd/m
-
7 1.5 2.0
—0.5
2.5
—1.04
Bd/m
T T T T —1.54
0.5 1.0 1.5 2.0
a)
y 1 Zn(@)/2)] £ Zin(d) (rad)
1.54
1.0
0.5
1 Bd/m
0.5 1.0 1.5 2.0
—0.5
Bd/m
T T T T —-1.0
0.5 1.0 1.5 2.0
—1.5
b)
b 1Z0d)/2) 4D )
1.5
10 1
1.0
7.5
0.5
psd/m
51 0.5 10 15 2.0
—0.5
2.5 1
—1.0
Bd/m
T T T T —1.5
0.5 1.0 1.5 2.0

Figure 7.1: Magnitude and angle of Z,,,(d)/Z,; a) Zr, = Z,/10.b) Z;, = Z,. ¢) Z;, = 10 Z,,.

Solution of problem 7.5
The input impedance normalised to the characteristic impedance can be written as

Zi (d) o ZL +jZO tan(ﬁ l)
Z,  Zo+jZp tan(B1)
ZL + j tan(B1)

14 j 2~ tan(31)

Figure 7.1 a) shows the magnitude and angle of Z;,,(d)/Z, when Z;, = Z,/10. It can be seen that
for0 < fd < w/2and for 7 < 8d < 3w /2 the input impedance features an inductive component
while for 7/2 < 8d < 7 and for 37/2 < 8d < 2r the input impedance features a capacitive
component.

Figure 7.1 b) shows the magnitude and angle of Z;,,(d)/Z, when Z; = Z,. Since the line is
matched the input impedance is Z, regardless of the value for 5 d.

Figure 7.1 c) shows the magnitude and angle of Z;,,(d)/Z, when Z;, = 10 Z,. It can be seen
that for 0 < B8d < w/2 and for 7 < Bd < 3x/2 the input impedance is capacitive while for
/2 < fd < mandfor3w/2 < 3 d < 2x the input impedance is inductive.
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Solution of problem 7.6

The characteristic impedance of the quarter-wave transform must be:

Z, = +30x50
= 387 Q
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Solution of problem 7.7

Fup(1+TgI'Ba) —T'BrTasTBA

Tiot =
° 14+TprrI'Ba
Zop—ZoA Zp—ZoB Zoa—ZoB VAN 27,8 27,4
_ ZontZoa (1 t 7t Zes ZoB+ZoA) 217 2o ZoatZob ZoatZon
- 1+ Zy =720 Zoa—ZoB 14+ Zy—Zop Zoa—ZoB

Zr+ZoB ZoBtZoaA ZL+ZoB ZoB+tZoa

Simplifying this eqn we obtain

725 — Zoa Z1,

Tiot =
o Z25+ Zoa ZL
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Solution of problem 7.8
The current in a particular section of the line k& Ax can be written as

I(kAx) = w

_ ( V(kAx) )’“ V(0)
V(k-1Az)) 7

with Z, given by (see example 7.3.6):

. R+jwlL
P (R+ij)Az+\/(R+]WL)2A$2+4G+§wc
v 2 2

Taking the limits N — oo and Az — 0 and using the results derived in example 7.3.6 we obtain:

efjw\/LCa:

I(x) —
R+jwlL
G+jwC

and since V' (z) = I(z) Z, we can write:

7 R+jwlL
o G+jwC
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Solution of problem 7.9

1. The complex propagation constant for a lossy transmission line can be expressed as:

jwL jwC
= 1+ 1+ 222
. \/RG(+R)(+G)

wL  wC w2 LC
v = VRG\/1+j —+?)— R

(7.1)

If R >>wLand G >> w C we have

1>> £+£ >>w2LC
R G RG

and we can write:

wL wC
~ 1+ — +—
ol RG\/ +]<R+G)

Taking into account that v/1 + x ~ 1 + z/2 if & << 1 we can write:

R )

2

R G

G i < \/§+L\f>

o,

LF

If R >> wLand G >> w C we can also write

7 R+jwl
° G+jwC

R

G

12

2. The complex propagation constant for a lossy transmission line can also be expressed as:

) = \/<ij><ij> (1 522) 0+ 7¢)

ij/_\/lj +G> RG

wC w?LC

If R<<wLand G << wC we have

1 >> E + i >> ﬁ
wL  wC w2LC

and we can write:

2
12

i -3 (L &)
20 13 (G )|

1 e | L .
- §<R E+G 5>+]w LC
Bur

1

Introduction to linear circuit analysis and modelling Moura and Darwazeh



7. RF circuit analysis techniques 152

For R << wL and G << w C we have

R+jwl

Zo
G+jwC

¥

Sl
g€
Ql

12

NE
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Solution of problem 7.10

Zin(d) = %
_ ZolJrF(d)

1—T(d)

1+T,e 274
= Zoirrema
L+ 757 e
017%672'yd
(Zp+Zo)e '+ (Z, — Z,) e 74 y e vd
(Zr+ Z,) eVt — (Zy, — Zy) e 7d — e=vd
A (e'VdJre*'Yd)JrZo (e'yd—efvd)
°Zy(evd +erd) 4 Zp (e7d — e~ d)
71, cosh(yd) + Z, sinh(~y d)
®Z, cosh(yd) + Zr, sinh(vyd)
Z1, + Z, tanh(y d)
°Z,+ Zp, tanh(yd)

= ZO
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Solution of problem 7.11

assuming that Y < 2 we have that

w N 8eh
d ~— e2A_2
= 1.164
where
Zo €, +1 €. —1 0.11
A = = 0.23
60 2 + e+ 1 ( + €r )
= 1.968
Hence, we have:
W = d x 1.164

1.51 mm
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Solution of problem 7.12

Figure 7.2 a) shows the equivalent circuit for the calculation of S1; and So;. S11 is calculated as

Z,
L)
L
Zo
R Vall) %o
a)
+ 1 +
c
Zo
Z, Vi(ly) R Valb)
\ g
Z,
Z[N2

Figure 7.2: a) Calculation of S1; and Sy;. b) Calculation of S12 and Sss.

ZiNy — %o

S ZIN, — “o
" Zin, + 24,

with:
Zin, = —— 4 (R||Z,)
INy __]WC o
R+ Z,+jwCRZ,
jwC(R+ Z,)

and S; can be written as

g R+ Zy(1 = Z,jwC)
YT 92jwCRZy+ R+ Z,(1+jwCZ,)

So1 is calculated as

(i)
Va(lo) — Z, Iz(12)
(1) + Zo L1 (lh)

It is known that:

Vilh) = Zin, Li(h)

B R+Zo+ijRZOI(l)
T jwC(R+Z,) MM
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Also, V5 (l3) can be related to V1 (I1) by the voltage divider expression:

R\ Z,
A

jwCRZ,
joCRZ,+ R+ Z,

Va(l2) Vi(ly)

Now, a2 (l2) = 0 implying that V2 (1) = —Z, I2(l2) and we have
2Va(l2)
V) (1+ )

2jwCRZ,
2jwCRZ,+R+Z,(1+jwC Z,)

521

Figure 7.2 b) shows the equivalent circuit for the calculation of Sa5 and S15. Sa is calculated as

S, — ZIN, — Zo
2 ZIN, + 24,
with:
Z = LJrZ [| R
IN2 - ch o
_ R(1+jwCZ,)
1+jwC(Z,+R)
and Sao is

R—Z,(14+jwCZ,)
2jwCZ,R+R+Z,(1+jwCZ,)

S22 =

Sz is given by

(=l

1(ly)

a(12) a1 (11)=0

Vi(lh) — Z, I (1)

Va(la) + ZoI2(12) (7.2)

Sinceai(l1) =0 = Vi(l1) = —Z, I (l1), the last eqn can be written as

2Vi(ly)
S = 7.3
2= R0 Zon () (7.8)
Vi1(l1) can be related to V2 (I2) using the impedance voltage divider formula:

jwCZ,

nih) = w7,

Using the result of the last eqn and since V2 (l2) = Zrn, I2(l2), we can calculate S, as follows:

2Vi(ly)

Vallz) (1+ )
2jwCZ,R
2jwCZ,R+R+Z,(1+jwCZ,)

S12 =
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Solution of problem 7.13

e circuit a): Figure 7.3 a) shows the circuit for the calculation of S1; and Sy;. S1; is calculated

Figure 7.3: a) Calculation of S1; and Ss;. b) Calculation of S5 and Sas.

as
S, = ZIN, — 4,
Zin, + 2,
with:
Ziny, = D1+ (22| Z,)
 Z(ZaHA Zy)+ 22 Z,
N ZQ + Zo
and Sy is

ZvZy+ Zo (21 — Z,)

S =
" Zo Zig + (Za + Zo) (Z1 + Zo)

So1 is calculated as

ba(l
Sy — 2(l2)
al(ll a2(l2) 0
_ Va(lo) — Z, Iz(l2)
Villh) + Z, I (1h)
a2 (la) = 0 implying that Va(l3) = —Z, I2(l3). Also, it is known that:
Vilh) = Zin, Li(h)
Hence, we have
2 V(1
So1 = L)

Vi) (1+ )
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Va(l2) can be related to Vi (I1) by the voltage divider expression:

Zo Zo
Va(l = Vil
2(l2) 7071 7, (Zat 20y )
therefore, we have
27,75
521 -
Zo Z2 + (Z2 + Zo) (Zl + Zo)
Figure 7.3 b) shows the circuit for the calculation of So5 and S12. Sas is calculated as
ZIN, — 4o
S ZINs = Zo
2 ZIN, + 4,

Z1Zy — Zo(Zh + Zy)
ZoZo+ (Zo+ Zo) (Z1 + Zo)

with:
P  (Zo+ Z0) Zs
e T 4 2+ 7y

Sz is given by
b1 (L)
az(12) a1 (11)=0
Villh) = ZoI1 (1)
7.4
Va(la) + Zo1I2(l2) (7.4)

Sinceai(l1) =0 = Vi(lh) = —Z, 1(l1), and since Va(l3) = Zrn2 I2(l2) the last egn can

be written as

2Vi(l
Sy = () - (7.5)
Valla) (1+ )
Vi1(l1) can be related to V> (l3) using the impedance voltage divider formula:
Zy
l = ly) ————
Vi(lh) Va(la) 7.1 7,
Using the result of the last egn calculate S;5 as follows:
27y 7o
512 —
Zo Z2 + (Z2 + Zo) (Zl + Zo)
e circuit b): Figure 7.4 a) shows the circuit for the calculation of S1; and S»;. S; is calculated
as
ZiNy — %o
S ZIN, — “o
" ZiN, + %4,
_ Zy Zy — Zo (Za + Zy)
Zl Zo + (Zo + Zl) (Zo + ZQ)
with:
Z1(Za+ Z,)
ZIN1 - e
W+ o+ Z,
So1 is calculated as
2Vo(l
Sa1 2(l2) -
Vl(ll) (1 + ZI:H)
217,

Zl Zo + (Zo + Zl) (Zo + ZQ)
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ZIn,

b)
ZIn,

Figure 7.4: a) Calculation of S1; and Ss;. b) Calculation of S5 and Sas.

Figure 7.4 b) shows the circuit for the calculation of S92 and Sis.

ZINy, — 4o

ZIN, + Z,

21 Zo+ Zo(Zo2— Z,)

Zo Zl + (Z2 + Zo) (Zl + Zo)

Zy(Z1+ Zo) + Z1 Z,
Zl +Zo

2Vi(ly)

Va(ta) (14 )

ZINg

27, 7,

Zl Zo + (Zo + Zl) (Zo + ZQ)

AW
Zo(Zh+ Zo) + 21 Z,

e circuit ¢): Figure 7.5 a) shows the circuit for the calculation of S1; and Ss;. For this circuit

S22 =
with:
ZIN,
S1o s given by
512 —
with
Vi(ly)
Va(lz2)
we can write:
Va(l2)
and
Villh) =

= Ay Li(L) (R, || Zo)

Il(ll) Rz + Aru ‘/2(12)
Li(L)[Ri + Ay Api (Ro|| Zo))
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I = L(l)

Figure 7.5: a) Calculation of S1; and Sy;. b) Calculation of S12 and Sas.

Now, S can be calculated as:

Sll =

(
h )+Z Ii(l)
Ri+ A Ay (Ro || Z,) — Z,
Ri+ A Ap (Ro || Zo) + Z,
(Ri - Zo) (Ro + Zo) + Arv Afi Ro Zo
(Ri + Zo) (Ro + Z,) + Ary Agi R, Z,

Sa1 can be calculated as:

bg(lg)
a1(l) az(12)=0
2 Va(l2)
Villy)+ Z, I (11)
2A¢ R, Z,
(Ri + Zo) (Ro + Z,) + Ary Agi R, Z,

521 =

Figure 7.5 b) shows the circuit for the calculation of So5 and Sio.
We can write the following egns:

Vi) = o A Vall) (76)
Villh) = ©L(lh) Ri+ Ay Va(l2) (7.7)
B = 2% anna) (7.8)
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From eqgns 7.6 and 7.7 we have
A’I“’U

I (1 = —W( 7.9
(1) () (7.9)
and now we can write egn 7.8 as follows.
‘/2(12) Arv
I (1 = 4 A V(1
2(l2) R, + fv2(2)Zo+Ri
Sao can be calculated as:
ba(l2)

S22 =

az(l2) a1(l1)=0

Va(lo) — Z, Iz(12)

Va(lo) + Z, I2(12)

(Ri + Z5) (Ro — Z,) — Aryy Agi Ry Z,
(Ri + Zo) (Ro + Zo) + Arv Afi Ro Zo

S12 can be calculated as:

az(l2) a1 (11)=0
2Vi(lh)
Va(lo) + Z, I2(12)
2A,., R, Z,
(Ri + Zo) (Ro + Z,) + Ary Agi Ry Z,

512 =

e circuit d): Figure 7.6 a) shows the circuit for the calculation of S;; and S2;. S7; can be

Figure 7.6: a) Calculation of S1; and Ss;. b) Calculation of S5 and Sas.

calculated from the following egn:

ZIN, — 4,

Sy = 2N
M Zin, + %4,
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with:

Zing = [(Zs| Zo) + Z2] || 21

Zo(Z3+ Za) + Z3 Zy
Y25 (20 + Z2) + Zo (Zy + Za + Z3)
So1 can be calculated from the following egn

. — 2V5(l2)
21 = P
Vl(ll) (1 + Z“(:’l)
with
Va(l2) _ Z3 Zo
Vi(ly) Z3 Zo+ Zo (Z3+ Z,)

Figure 7.6 b) shows the circuit for the calculation of So5 and S12. Sa2 can be calculated from
the following eqn:

S, — ZIN, — Zo
22 — I
ZiN, + 72,
with:
Zin, = [(Z1l|Zo) + Z2]|| Z3

Zo(Zh+ Za)+ Z1 Zs
Y71 (Zs + Z3) + Zo (Zs + Zo + Z1)

and S5 can be calculated from the following eqn
2Vi(lh)

Sz =
Va(lo) (1+ =)
with
Vi(ly) _ 71 Z,
Va(la) 1 Zo+ Zo (21 + Z,,)

e circuit e): Figure 7.7 a) shows the circuit for the calculation of S1; and So;. S11 can be
calculated from the following eqn:

. ZiNy — Zo
T Zin + Z,
with:
Ziny, = Zi+[Z3|[(Z2+ Z,))
Z3 (Z2 + Zo)
= g, 4 23 Z2 T Zo)
YU s+ Zo+ 2,
So1 can be calculated from the following egn
S — 2Va(l2)
21 — 7
Vl (ll) (1 + Z“(:’l)
with
Va(l2) _ Va(lz) » V'
Vi(lh) Vv’ Vi(lh)

Zo « Z3 || (ZQ + ZO)
Zo+Zo  Z1+[Z3||(Z2+ Zo)]
Zo % Z3 (Z2 + ZO)
Zo+ Zy  Z3(Zo+ Zo)+ Z1(Zs+ Zay + Zo)
Z3 7,
Z3(Zo+ Zo) + Z1(Z3 + Za2 + Z,)
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ZrN, Z,
L(ly)

—e

ZIn,

Figure 7.7: a) Calculation of S1; and Sy;. b) Calculation of S12 and Sas.

Figure 7.7 b) shows the circuit for the calculation of S25 and S12. Sa2 can be calculated from
the following eqgn:

ZIN, — 4o

Spy = N2TZo
> ZIn, + Z,

with:

Zin, = Za+[Z3||[(Z1+ Z,)]
- a2 G

and S5 can be calculated from the following eqn

2Vi(lh)

Va(lo) (1 + Zf;;z)

S12 =

with

Vi(ly) Vi)V
Va(lz) Ve Va(la)
Zo ., Zs | (Z1+ Zo)
Zo+ 2y Zo+[Z3]|(Z1+ Z,))
Zs Z,
Z3(Z1+ Zo) + Z2 (Z3 + Z1 + Z,)
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Solution of problem 7.14

Figure 7.8 a) shows the circuit for the calculation of S1; and S3;. S11 can be calculated from the

Tol| Zo

2N,

b)

Figure 7.8: a) Calculation of S1; and Sa;. b) Calculation of Z;n, = vs/is and of A, = v,/ vs.

following expression

ZIN, — Zo
S = == 7.10
1 Zin T 7 (7.10)
where Z;n, can be calculated from the circuit of figure 7.8 b). For this circuit we can write the
following set of egns
is = Vs JwCys + (Vs — Vo) jw Cyag

(7.11)
(Us - UO)jW ng =gmUs + ”0/(7"0||Z0>
Solving to obtain v, /is we get
7 To+ Zo+jwCyaro Z,
i Jw [(ng + CQS) (To + Zo) =+ ng ImTo Zo] - w? ng Cgs To Lo
(7.12)

From which Sy, can be found.
So1 can be calculated from the following expression
2 A,
1+ e

Z1N,

where A,, is given by

Va(l2)
Vi(h)

A,, can be obtained from the circuit of figure 7.8 b) as follows:

A, =

Vo
Ay, = —

Vs
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Solving again the set of eqns, given by 7.11, to obtain v, /v, we get:

To Zo(jwc d — gm)
A, = g 7.13
' jwcgdrozo'i_ro""zo ( )

Figure 7.9 a) shows the circuit for the calculation of S15 and Ss22. Sa2 can be calculated from the

)

b)

is

-

‘ ZIn,

Figure 7.9: a) Calculation of S92 and S12. b) Calculation of Z; N, = vs/is and of A,, = v; /vs.

following expression

ZIN, — Zo
Sog = —/—2—= 7.14
22 Ziv 7o (7.14)
where Z;n, can be calculated from the circuit of figure 7.9 b). For this circuit we can write the
following set of egns

is :Us/ro+gmvi + (Us *'Ui>jwcgd

(7.15)
(vs =) JwCyg = v; jw Cys + v,/ Z,
Solving to obtain v, /is we get
7 Tolj w (ng + CgS) Zo +1]
N> 14 jw(Cya+ Cys) Zo+ jwCqaro (gm Zo + 1) — w? Cyq Cys 1o Zo
(7.16)
S12 can be calculated from the egn below:
24
S vy 7.17
12 1+ ZZD ( )
INg
217,
Zl Zo + (Zo + Zl) (Zo + ZQ)
with
A, = Vi(ly)
Va(l2)
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A, can be calculated by solving the set of eqns 7.15 (see also figure 7.9 b)) to obtain v; /v,

jw ng Zo
Ay, = : 7.18
14+ jw(Cga + Cys) Zo (7.18)
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Solution of problem 7.15

The transconductance can be calculated as follows:

w
m = k,—21
g I D

= 6.3 MAIV (7.19)

The drain-source resistance r,, can be determined as follows:

E

Ip

= 12 kQ (7.20)

To ==

We use egns 7.10-7.18 to plot the S-parameters shown in figure 7.10.
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‘ |SH‘ (dB) b (ZS}])/TI’
07 0
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- T T T T - — T T T T At
106 107 108 109 1010 106 107 108 10° 1010
' |Sa2| (dB) b(észz)/Tr
0]
0
71,
—0.5
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106 107 108 109 1010 106 107 108 109 1010
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Figure 7.10: S-parameters (magnitude and phase) plotted versus frequency. a) Sy1. b) Sos. €) Sio.

d) So1.

Introduction to linear circuit analysis and modelling

Moura and Darwazeh



7. RF circuit analysis techniques 169

Solution of problem 7.16

The chain parameters can be defined by the set of egns:

Vi=An Ve — Al
(7.21)
I = Ay Vo — Axa I
and the .S-parameters can be defined by the set of eqns below:
by = S11a1 + S12a2
(7.22)
by = Sa1 a1 + S22 a2
that is
Vi —=2Zo1h) =St (Vi + Zo Ih) + S12 (Vo + Z, 1)
(7.23)
(Va—ZyI3) =521 Vi + Z,11) + Saa (Vo + Z, I2)
This set of egns can be rewritten as
Vi(1=511)=2Z,(14+51) 11 + V2 S12+ I Z, S12
(7.24)
Vo (14 S22) = Vi So1 + 11 ZoSo1 4+ Zp (1 4 Saz) I
Solving the second eqn of 7.24 in order to obtain I; we get:
1-— 522 1 1 + 522
L = -V = -1
' V2 Z, S21 Y Zy 2 Sy
Substituting I in the first eqn of 7.24 and solving to obtain V; we get:
1—S8)(1+ S S128 14 S22)(1 4 S11) — S128
Vi = ( 22)(1 4+ S11) + S12 21‘/2on( + S92)(1 + S11) 12 21]2
2521 2521
(7.25)

Substituting V7, given by the last egn, in the second eqn of 7.24 and solving in order to obtain 7; we
get:

(1= 829)(1 = S11) — S125% (14 S22)(1 — S11) + S12521
I, = Vo — I

27,521 2591

(7.26)

Comparing egns 7.25 and 7.26 with egn 7.21 we conclude that:
(1 = S22)(1 + S11) + S12521

A —
11 55y,

Aw = 2, (14 S22)(1 + S11) — S12521

2591

A — (1 —S22)(1 — S11) — S125%1
A 27,521

A (14 S22)(1 — S11) + S125%
22 =

2891

Introduction to linear circuit analysis and modelling Moura and Darwazeh



7. RF circuit analysis techniques

170

Solution of problem 7.17

We normalise the impedancesto Z, = 50 2. Hence we have:

21
Z2
23
z4
Z5

26

0.2—50.6
1.5470.4
12-5038
0.1—j1.4
j1

—j3.6

We represent these normalised impedances on the Smith chart of figure 7.11 and we find the corre-

Figure 7.11: Representation of the normalised impedances.

sponding normalised admittances:

Y1

Y2
Y3
Ya
Ys
Ye

0.5+;1.5
0.62 — 7 0.16
0.58 + 5 0.38
0.05+ j0.71
—j1
70.3

The admittances are obtained multiplying each v, by Y, = 1/Z, (20 mS);

Yi
Yo
Y3
Y,
Ys
Ys

10+ 530 mS

12.4— 3.2 mS
11.6 +j 7.6 mS

1+35142 mS
—j20 mS
76 mS
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Solution of problem 7.18

We normalise the admittances to Y, = 1/50 = 20 mS;

Y1
Y2
Ys

70.2
0.08— 53
02452

We represent these normalised admittances on the Smith chart of figure 7.12. From the chart, we

Figure 7.12: Representation of the normalised admittances.

find the corresponding normalised impedances:

zZ1 =

z2

z3 =

The impedances are obtained multiplying each z; by Z, = 1/Y, = 50;

7, =
Zy =
Zy =

0.009 + j 0.333
0.05—j0.5

7250 Q
0.45 4+ j16.7 Q
25§25 Q
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Solution of problem 7.19

Figure 7.13 a) shows the calculation, using the Smith chart, of the L-section which transforms an

impedance of 50 €2 into an impedance Z;, = 25 — j 15 Q. Z, = 50 Q. Figure 7.13 b) shows the
L-section obtained.

Figure 7.13: a) Calculation of the L-section using the Smith chart. b) L-section.
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Solution of problem 7.20

Figure 7.14 a) shows S1; and Sos in the Smith chart (polar coordinates) while figure 7.14 b) shows
S12 and So; also in polar coordinates. f, = (27 RC)~t/10and f, = 10 (27 RC) L.

Figure 7.14: a) S11 and Sa2. b) S12 and Sya.
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Solution of problem 7.21

Figure 7.15 a) shows the calculation, using the Smith chart, of the L-section which transforms an

impedance of Z; = 60 + j 20 Q2 into an impedance Z; = 40 + 530 Q. Z, = 40 . Figure 7.13 b)
shows the L-section obtained.

;'4

2 ‘

:“Q
SN

Z, 7

b)

Figure 7.15: a) Calculation of the L-section using the Smith chart. b) L-section.
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Solution of problem 7.22

Figure 7.16 shows the calculation of the matching circuit using transmission lines. Z, = 45 €.
l1 =0.279 A\, I = 0.105 .

b)

Figure 7.16: a) Calculation of the matching circuit using the Smith chart. b) The circuit.
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Chapter 8

Noise In electronic circuits

Solution of problem 8.1

e 1. P[X > 3] can be calculated as follows:
2

> 1 (w—p)
PX >3 = e 202 dx
[ ] /3 V2mo

Using the variable transformation indicated below:

T —p
g

)\:

we can write P[X > 3] as

o0 1 2
PIX >3] = /Hmefé—zcu

o ()

= 0.046
e 2. P[X > —3] can be calculated as follows:
& 1 (w—p)?
PX>-3 = e 202 dx
[ ] _3 V2mo
-3 .
1 (x—p)2
= 1- ——e 22 dx
oo V270
Using the variable transformation y = —x we can write the last eqn as
° 1 (y+m)?
PlX >-3] = 1—/ e 22 (d
[ ] 3 V2mo Y
and now by using the variable transformation
\ = y—
g
we can write P[X > —3] as
PiX>-3 = 1- [ —Lean
B Stu /27 ‘
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e 3. P[-2 < X < 3] can be calculated as follows:

-3
1 (2—p)?
(/ e 2£) dx
9 \27m0o
> 1 (w—p)? =2 1 (w—)?
1-— e 202 dx — e 202 dx
L V2mo [ﬁDVQWJ

o) e (%)

0.68

P-2< X < 3]

e 4. P[X < —2] can be calculated as follows:

-2 1 _(w=w)?
2

——— e 202 dx
oo V2TO

- o)

0.28

PX < -2]
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Solution of problem 8.2

e 1. The mean can be calculated as follows:

N|—= Ol = o=

e 2. The variance can be calculated as follows:

e The third moment can be calculated as follows:

E[X?]

[\3|Hw |

N o
w
8
U
8

|
N

-2

o
w
8
w
ISH
8

W U~ ot
|
()

& N,
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Solution of problem 8.3

The characteristic function can be determined as

C(2ma) / e “Z%(Sm— e IZmeT gy
- k=0
— —u = ,LL_ 7]27rozk
= ") Kl
k=0

The mean can be determined as

E[X] = — — C(27a)
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Solution of problem 8.4

The PDF of the random variable resulting from the sum of the three uniform PDFs can be expressed
by;

2
@1271?:1‘;1) —-3A<y<-A4A
2 2
S acy<a
Py (y) s (8.1)
o 2
(9167%1) A<y<3A
0 elsewhere
with A = 3. Hence, P[Y" > 4] can be written as
9 ( o 3A)2
Y
PlY > 4] = ~d
| ] A 164° Y
= 96.5 x 107°

and P[Y > 8.9] can be written as

P[Y > 8.9] y

/9 (y—34)”
59 164°

7716 x 1078

We use now the central limit theorem to estimate these probabilities. The variance of each uniform

random variable is 02 = & = 3 while the mean is zero. P[Y > 4] can be estimated as follows:

12

4
PlY >4] = —
[ ] © <\/§o)
= 91.2 x 1073
and P[Y > 8.9] can be estimated according to
8.9
PlY >89 = —
[ ] © (\/ng)
= 15x107?

The central limit theorem (CLT) provides a good estimation for P[Y" > 4] since the error is about
5.4%. However, for P[Y" > 8.9] the CLT provides a poor estimation with a very large error.
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Solution of problem 8.5

The mean can be calculated as follows:

Ela(t)] = /OO e py(x) da

The autocorrelation function can be calculated as follows:
oo
Ela(t) atz] = / em3w(titta) o (z) dz
— 00

1 2
— - / 6—3I(t1+t2) dx
3/

— -1 (6*6(“”2) _ 6*3(“”2))
9 (tl + tg)

1 _ B(t1+4ta) (Q(tl +t2))
= —— € 2 cosh [ ————=
9(t1 -‘rtg) 2
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Solution of problem 8.6

The power spectral density S,.+ (f) can be obtained calculating the Fourier transform of R,,(7), that
is

va* (f) = /Oo R’U(T) 67j27rf‘rd’7' (82)

— 00

R, (7) is a triangular function. Hence, by consulting the Fourier transform table provided in ap-
pendix A we obtain:

Spo-(f) = o2 Asinc® (f A)
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Solution of problem 8.7

The equivalent noise bandwidth, B, can be calculated as

1 oo
By, = 5= [ |H@PW 8.3)

—0o0
e |H;(w)|? can be written as

kq ka

Hy(w)* =
| 1(w)| wg_p1+w2_p2

with

(1-29° +2Jn 1-n?)w
= (Vi-n*+jn’w;
p2 = (1—2n —2377\/1 n?)w

(

= —jn)?w;
ko= 7*‘“’721
4n/1—n?
by — jwp

4n/1—n?

It is known that

kl Kl -1 ( w )
dw = ———tanh —
/ w? —p1 N VP1
It is also known that

Z iflmag[z] > 0
lim tanh™'(z) = 4 (8.4)
= =% iflmag(z] <0

Using the results above we can solve eqn 8.3 to obtain:

Wn

By =
N 477

e |Hy(w)|? can be written as

k1 ko
H 2 =
()] w2*p1+w27p2

with

po= (1-20*+2jny1-n?)w
= (V1I-n2+jn)?wl
(

p2 = (1-20"=2jnV1-n*)w
= (V1=-n2—jn’w;
ki = 4w,217727p1
P1 — P2
ko = 4w,217727p2
P2 —P1

Using the results above we can solve eqn 8.3 to obtain:

By, = wnn
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e The equivalent noise bandwidth for H; (w) + Ha(w) is
By, = DBn, +Bn,
L
Wn (7N 47

Figure 8.1 shows the equivalent noise bandwidths determined above, normalised to w.,, versus
n.

‘ By / Wp,

2.0 1

1.0

0.5

Figure 8.1: Equivalent noise bandwidths normalised to w,, versus 7.
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Solution of problem 8.8

We assume that the amplifier of figure 8.2 has an input impedance Z;,, and a currentgain A; = i, /i;.

e Contribution of u,, to the output current: From figure 8.2 b) we can write:

Un

and

o = Aii
A; _Un
Zin + Zs

e Contribution of i, to the output current: From figure 8.2 ¢) we can write:

. inZs
iy = —
Zzn+Zs
and
o = A;i;

in”Z
4, mPs
Zin+Zs

o Contribution of i, to the output current: From figure 8.2 d) we can write:

7:. — il’lS ZS
’ Zzn + Zs
and
o = Aji;

— 14z il’lS ZS

Zin + Zs
Since the total current gain, 4, is
lo

A, =

s is
Z

A 25

Zin + Zs

we can obtain the equivalent input noise current as follows:

A Un + A in Zs + A ins Zs

i _ ' ZintZs ' ZintZs b ZintZs
Neq A
is
U, . .
= — 415 +1ns
Ly
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Figure 8.2: a) Noisy amplifier. a) Equivalent circuit for the calculation of the contribution of u,, to
the output current. b) Equivalent circuit for the calculation of the contribution of i,, to the output
current. ¢) Equivalent circuit for the calculation of the contribution of i, to the output current.
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Solution of problem 8.9

We assume that the amplifier, shown here in figure 8.3, has an input impedance Z;,, and a voltage
gain A, = v,/v;.

e Contribution of u,, to the output voltage: From figure 8.3 b) we can write:

Z;
v; uy, ————
Zin + Zs
and
Vo = AU U
7

= A,uy T
" Zln + Zs

e Contribution of i,, to the output voltage: From figure 8.3 ¢) we can write:

. Zln Zs
V; ihn—
Zin + Zs
and
Vo = A’U VU
Zin 4
_ Av .n in &s
' Zzn + Zs

e Contribution of u, to the output voltage: From figure 8.3 d) we can write:

Zin
Vi = Ups
Zin + Za
and
Vo = A’U Vi
7
- A’U ns =
" Zzn + Za
Since the total voltage gain, A, is
A, = =2
Vs
7
= A, Tz
Zin + Zs

we can obtain the equivalent input noise voltage as follows:

Zin i Zin Zs Zin
u _ Avun g+ Ayl g Uns g7
Neg
Ay,

= un+inZ5+uns

The PSD can now be obtained calculating (i, in.,"), that is:

<U-neq U—neq*> = <(un+in Zs +uns) (un+in Zs +uns)*>
Since uys is not correlated with u,, and i,, we can write:
<uns un*> = <un U—ns*> =0
<uns in*> = <in uns*> =0

In addition we have:

((in Zs) un™) + (un (in Z)") = 2Real [(unsin®) Z;]

S

Finally, we can write:

(Uneg Mney™) = {Utn”) + (Unstins) + {nin’) [ Z:[" + 2Real [(uns in") 2]

S
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(0]

ne

Figure 8.3: a) Noisy amplifier. a) Equivalent circuit for the calculation of the contribution of u,, to
the output voltage. b) Equivalent circuit for the calculation of the contribution of i, to the output
voltage. ¢) Equivalent circuit for the calculation of the contribution of u,s to the output voltage.

Introduction to linear circuit analysis and modelling Moura and Darwazeh



8. Noise in electronic circuits 189

Solution of problem 8.10

Figure 8.4 a) shows the non-inverting voltage amplifier including the various the noise sources.

e Contribution of ug, to the output voltage: Figure 8.4 b) shows the equivalent circuit. Since
there is no voltage difference across R, there is no current flowing through R;. Since the
op-amp does not draw any current there is no current flowing through R-. Hence,we can write

Vo = _uR2 (85)

e Contribution of u,, to the output voltage: From figure 8.4 ¢) we can write:

_ Ret+ Ry

Uo 7 u, (8.6)

e Contribution of i,, to the output voltage: From figure 8.4 d) we can write:
Vo = —Roipn (8.7)

e Contribution of ug, to the output voltage: From figure 8.4 €) we can write:

——UR, (88)

The equivalent input noise voltage source can be obtained dividing the sum of the contributions
calculated above by the voltage gain 1 + Ro/ Ry, that is:

—UuR, + —RQI;RI unp — Roi, — g—fuRI ©.9)
u = .
eq 1 + g_i
that is
R Ro Ry, R
« = — N — n— 8.10
Ueq uR2R2+Rl+u Rz-l-Rll RQ+R1UR1 (8.10)
Since all the noise sources are uncorrelated we have:
Ry
(Ueq Ueq™) (Ro+ R1)? (UR, UR,") + (unun™)
(RaR1)? . .. R?
+ ————(igin )+ ——""——=(uRr, u 8.11
(R2 +R1)2 < > (R2 +R1)2 < R R1> ( )
For this amplifier we have:
<uR1 uR1*> = 2’CTR1
= 8.0x107'® V2/Hz
(ur, ur,*) = 2K7T R

= 7.2x107'7 V?/Hz
The PSD of the equivalent input noise voltage is:
(UeqUeg™) = 4.4x107'% V2/Hz

Figure 8.5 a) shows the inverting voltage amplifier including the noise sources. The contributions of
each noise source to the output voltage are the same as those calculated above, that is:

Ry+R . R
vy = —um,+ 2}371111n — Ryin — R—juRl (8.12)
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Vo

¢) e)

Figure 8.4: a) Non-inverting amplifier. b) Contribution of ug, to the output voltage. c) Contribution
of u, to the output voltage. d) Contribution of i,, to the output voltage. e) Contribution of ug, to
the output voltage.
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Vo
Y

Ry
AAAA—
BRAAAL
= <
b) =i
>
+ = L
- N - (1)
Vo
AAAA
= B mAAA
Ry

AAAA

> + o
> Ry UR, Vo
> _

- c) N e)

Figure 8.5: a) Inverting amplifier. b) Contribution of ug, to the output voltage. c) Contribution of
u,, to the output voltage. d) Contribution of i,, to the output voltage. €) Contribution of ug, to the
output voltage.
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The equivalent input noise voltage source can be obtained dividing the sum of the contributions
calculated above by the voltage gain — R2/ Ry, that is:

Ro+ Ry : Ro
—UR, + R—lun — Rgln ~ R UuR,

Ueq = T (8.13)
R
that is
R Ry+R .
Ueq = UR, R—; - un% + Ryin + ug, (8.14)

Since all the noise sources are uncorrelated we have:

. . R? o (R + Ry)?
eatieq) = (my m, ) Akt () 2t FaS
2 2

+ (inin*) R} + (ur,ur,*)
= 1.3x107'7 V2Z/Hz
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Solution of problem 8.11
The noise factor can be expressed as

(in 1) + 2 Real[(un i7) Yi(w)] + (un up) [Vi(w)|®

F =1
+ 2K T Real[Ys(w)]
that is;
B gn | R (GZ+W2) Real [(un iy)] . Imag [(un i})] W
Fo= 1t e} T2ToRT 2TSKTG,
(8.15)

with:

2KT g, = (ini})

2KTR, = (uyu})

}/s(w) = Gs+ ] Wy

The optimum value for W, can be obtained by differentiating eqn 8.15 and setting the differential to
zero, that is

dF
dw, 0
~ Imag [(u, i})]
s W, = KT, (8.16)

The optimum value for G, can be obtained by differentiating eqn 8.15 and setting the differential
to zero, that is

dF
=0
dGg
Imag [(un ix)]
n+ R, W2 — 2 ——= 22 nll [}/
& G, = \/g Lo kT (8.17)
Using the result in eqn 8.16 we obtain:
n - Rn ng
GSo t = g ot
P Rn
& gn = R.(GI , +WZ )
A gn = Rn |}/Sopt, |2
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Solution of problem 8.12
It is known that

(inip) = 2K7gn
(upu) = 2KTR,

and (uy,, i) = (i, i5)". The quantity (u, i},) satisfies the following eqn:

2KT g, | 2KT R, |Y,,,|?

Frin = 1
min Y3x7C,, T 2kTa.,,
2G,,,, Real [(uy if)] —2W, , Imag [(u, i};)]
* 5KT G,
_ 4. AKTg. | 26, Real [(us i)] - 2Ws,,, Imag [(us 1))
- 'T3xTa.. 2KTG,,,
(8.18)
From problem 8.11 it is known that:
Imag [(u, i,)] = 2KT R, W,,, (8.19)
Now egn. 8.18 can be written as follows:
4K T gn 2G,,,, Real [(un i) —4KT W2 R,
Fnin = 14 576, 2KT G, (8.20)
It is also known from problem 8.11, that
3207),, Rn = gn — Rn Giom
Using this result in egn 8.20 we can write:
F 1 4]CTgn 2 GSopt Real [<un i;>] - 4’CT (gn - Rn G?opt)
mn = T oKTa,, 2KT G,
Solving this eqn to obtain Real [(u,, i)] we get;
Frin —1
Real [(u, i)] = 2K7T [& - R, Gsom] (8.21)
Using the result of egn 8.19 we can now write
ok . ok Fmin -1 .
Real [{un 1] +1mag [(un 1] = 2KT |20 Ry 6o i)
that is:
Frin — 1
(up it) = 2K7 [L — R, ;;pt}
and
(un i) = (in up)’
= 2KT [M _Rny;m}
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Solution of problem 8.13

e DC analysis: For this circuit we can write:
Ip = %Kn % (Vas — Virn)?
Vp = Vasg (8.22)

Vb =Vee — Rp Ip
Solving we obtain

Ip=11 mA and Vgg =44 V

e AC and noise analysis:

21p
gm Vas — Vrn
= 0.76 mS
To = E
= 454 0Q

Figure 8.6 shows the AC equivalent circuit including the various noise sources. The FET intrinsic
noise sources are characterised by PSDs given by:

2

(ina ind*> = QICngm
2 fe
.n -n * = 2K7T - m "5
(inf inf") 39m
(ing ing") = qlc
These sources are uncorrelated.
Rf T uRr_
4| | D .
+ I +
Cya J To |ing UR,,
D= N
g > l@l
9m Vgs r inf
_ Rr=Rp
5 .
a)

Figure 8.6: Amplifier AC equivalent circuit

The load impedance, Ry, represented in figure 8.6 is effectively equal to the drain impedance;
Ry, = Rp = 10 kQ. The noise voltage sources of R, and R, are characterised by PSDs given by:

(iry ir,*) = 2KTRg
(ugr, ir,") = 2KT Ry

Figure 8.7 shows the amplifier as the interconnection of elementary two-ports circuits. Y g4 can be
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Figure 8.7: The amplifier as an interconnection of two-ports

characterised by an admittance representation as follows (see also appendix C):

Yyu Yy
[YYgd} =
—Yoa Yy

where Y4 corresponds to the admittance of the parallel connection of C'yq with Ry:

1 .
Yoa = R_f +jwCyq
-1 -1
Ry~
Cyvy,.| =2KT o
Ry R
The admittance representation for VCCS is given by:
jwCys 0
[Yvces] =

gm To

and
qlg 0

[Cchcs]: 0 QICT%gm (1+“%)

where w, = 27 fe.

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

The two-port circuit describing the parallel connection of VCCS with Y g4 is designated by FET

and can be characterised by an admittance representation given by:

[Yrer] = [Yeu.+[Yvees]
[Cyrer] = [CYYgd] + [Cyveos]
that is
jw Cgs + Y;zd —1Lgd
[YreT] =

9m — Ygd T;1+Ygd
qlo +2KTR;! -2 KT R}!

[CYFET]: . .
KT Ry 2KT [Bgw (14+%) + R}

(8.28)
(8.29)

(8.30)

(8.31)
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The two-port C; is connected in chain with FET and with Ry,. C; can be described by a chain
representation as follows:
1 (jwCy)™!
[Ac,] = (8.32)
0 1

We consider this capacitor as an ideal element such that {CACJ = [0] with [0] representing the null

matrix.
The chain representation for Ry, is given by :

1 0
[Ar,] = (8.33)
R;' 1
0 0
[CARL} —2KT (8.34)
0 R;'
It is convenient to represent the two-port FET using a chain representation which can be obtained
as follows:
ro Y4 1
Yga—9gm Yoa—9m
[AreT] = (8.35)
(@ Cos+Yga)(rg '+Yga) _y  j@Cast Y
Yga—9m gd Ygd—9gm
and
[CAFET] = [T(Y—>A)FET] [CYFET] [T(Y*A)FET]—F (836)
with .
0 Ygd_gm,
Tv_ = 8.37
[Ty —A)ppr) | jeCuiv (8.37)
Ygdfgm

The amplifier can now be characterised according to a chain representation as follows:

[Aamp] = [Ac,] X [AFET] X [AR,]
Cawe] = [Arer] % [Cag, | % [Arer]” + [Cars:]
[CAAMP] = [Aci] X [CAaux] X [Aci]+ (838)

The equivalent input noise sources PSDs can now be obtained as follows:

<ueq ueq*> = CAAI\IPll
<ieq ieq*> = CAAMPQQ
<ueq ieq*> = CAAMP12

Figure 8.8 shows the rms values of these sources versus the frequency. The noise factor can be
calculated as indicated below:

[Ys] [CAAMP] [1/:9]*

F =1
+ 2 KT Real [Ys]

where Y is the source output admittance and is equal to (2 kQ2)~! = 0.5 mS.

Ys] = [¥s 1]
and .
Ys]" = [ Y1 } (8.39)
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1070‘ (Ueq Ueq")? f(icq feq")*
(A/vHz)
10711 4
107124
1071 : : ‘ ‘ . 1071 ‘ ‘ ‘ ‘ ! (H2)
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”(uelie:)l% sk
q e Z (Ueqleq”) /™
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Figure 8.8: @) (Ueq Ueq™)2. D) (leq leq ) 2. C) (Ueq leq ) 2. 0) L{ieq leq")-

Figure 8.9 shows the noise figure (in dB) versus the frequency. It is interesting to note that the
noise figure is a strong function of frequency and features minimum values in the frequency range
1 kHz to 2 MHz. This range of frequencies would be the operating range recommended for the
amplifier.

R Noise Figure (dB)

18
16 -
14 4
12
10

f (Hz)

T g

I I I
100 102 104 106 108 101

Figure 8.9: Noise figure.
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